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Abstract 

These lectures intend to give a pedagogical introduction into some of the developments 
in string theory during the last years. They include perturbative T-duality and non pertur- 
bative S- and U-dualities, their unavoidable demand for D-branes, an example of enhanced 
gauge symmetry at fixed points of the T-duality group, a review of classical solitonic so- 
lutions in general relativity, gauge theories and tendimensional supergravity, a discussion 
of their BPS nature, Polchinski's observations that allow to view D-branes as RR charged 
states in the non perturbative string spectrum, the application of all this to the computation 
of the black hole entropy and Hawking radiation and finally a brief survey of how everything 
fits together in M-theory. 
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1 Introduction 



These notes are a summary and a substantial extension of the material that D. Liist presented 
in his lectures at the summer school at Saalburg in 1998. They are intended to give a basic 
overview over non perturbative effects and duality symmetries in string theory including recent 
developments. After a short review of the status of perturbative string theory, as it presented 
itself before the (second) string revolution in 1995, and a brief summary of the recent progress 
especially concerning non perturbative aspects, the main text falls into two pieces. In chapter 
2 we will go into some details of T-duality. Afterwards chapter 3 and chapter 4 will focus on 
some non perturbative phenomena. The text is however not meant as an introduction to string 
theory but rather relies on some basic knowledge (see e.g. the lectures given at this school by O. 
Lechtenfeld or ||l|, ^, ^). The references we give are never intended to be exhaustive but only to 
display the material that is essentially needed to justify our arguments and calculations. 

1.1 Perturbative string theory 

Before 1995 string theory was only defined via its perturbative expansion. As the string moves 
in time, it sweeps out a two dimensional worldsheet T, which is embedded via its coordinates in 
a Minkowski target space A4: 

X'^(a,T) : S^X. (1) 

This worldsheet describes (after a Wick rotation in the time variable r) a Riemann surface 
(possibly with boundary). Propagators or general Green's functions of scattering processes can 
be expanded in the different topologies of Riemannian surfaces, which corresponds to an expansion 
in the string coupling constant (see fig.El). The reason for this is, that all string diagrams can 





Figure 1: String perturbation expansion 

be built out of the fundamental splitting respectively joining vertex (fig.^. This vertex comes 
along with a factor gs, which is given by the vacuum expectation value (VEV) of a scalar field 
$, the so called dilaton: 

5s~e<*>. (2) 
As there is no potential for the dilaton in string perturbation theory, its VEV is an arbitrary 




Figure 2: Fundamental string interaction vertex 



parameter, which can be freely chosen. Only if it is small, the above expansion in Riemann 
surfaces makes sense. Statements about the strong coupling regime on the other hand require 
some knowledge about non perturbative characteristics of string theory such as duality relations 
combining weakly coupled string theories with strongly coupled ones. First quantizing the string 
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amounts to quantizing the embedding coordinates, regarded as fields of a two dimensional (con- 
formal) field theory living on the world sheet. This is a two dimensional analog of point particle 
quantum mechanics. A sensible second quantized string field theory is very difficult to achieve 
and will not be discussed here any further. In the perturbative regime there exist five consistent 



Type 

Heterotic 

Heterotic' 

I (includes open strings) 
IIA (nonchiral) 
IIB (chiral) 



Gauge group # of supercharges N 

Es X Es 16 1 

SO{32) 16 1 

50(32) 16 1 

16 + T6 2 

16+16 2 



Table 1: The five consistent superstring theories in d=10 



ten dimensional superstring theories (see table |i|). Type IIA and IIB at first sight do not contain 
any open strings. In fact they do however appear if one introduces the non perturbative objects 
called D-branes, which are hyperplanes on which open strings can end. Thus from the world sheet 
viewpoint a D-brane manifests itself by cutting a hole into the surface and imposing Dirichlet 
boundary conditions. These objects will be studied in more detail below. To get a string theory 
in lower dimensional space-time, such as in the phenomenologically most interesting case c? = 4, 
one has to compactify the additional space dimensions. There are several methods to construct 
fourdimensional string theories and in fact there are many different ways to get rid of the extra 
dimensions. A priori each compactification gives rise to a different string vacuum with different 
particle content, gauge group and couplings. This huge vacuum degeneracy in four dimensions is 
known as the vacuum problem. But despite of the large number of different known vacua it has 
not yet been possible to find a compactification yielding in its low energy approximation precisely 
the standard model of particle physics. 



1.2 T-Duality 

T-duality (or target space duality) [Q denotes the equivalence of two string theories compactified 
on different background spaces. 'Both' theories can in fact be considered as one and the same 
string theory as they contain exactly the same physics. The equivalence transformation can thus 
be considered as some kind of transformation of variables, in which the theory is described. Nev- 
ertheless we will always use the usual terminology, speaking of different theories when we actually 
mean different equivalent formulations of the same physical theory. T-duality is a perturbative 
symmetry in the sense, that the T-duality transformation maps the weak coupling region of one 
theory to the weak coupling regime of another theory. Thus it can be tested in perturbation 
theory, e.g. by comparing the perturbative string spectra. Examples of T-dualities are: 

Het on with radius ^= t dual -^^^ with radius Rn — 

IIA on with radius ^ ^'^""^ IIB on with radius i?^ = 

V a' -n. 

These are special cases of the so called mirror symmetry. As we will see in chapter ^, T-duality 
transformations for closed strings exchange the winding number around some circle with the 
corresponding (discrete) momentum quantum number. Thus it is clear, that this symmetry 
relation has no counterpart in ordinary point particle field theory as the ability of closed strings 
to wind around the compactified dimension is essential. 
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1.3 Non-perturbative dualities 

At strong coupling the higher topologies of the expansion (fig. become large and the series 
expansion does not make sense anymore. Non perturbative effects dominantly contribute to the 
scattering processes. Their contributions behave like: 

^^e-i/ss or A^e-^/^l. (3) 

The second exponential (with 173 9ym) is the typical non perturbative suppression factor in 
gauge field theoretic amplitudes involving solitons like magnetic monopoles or instanton effects. 
Solitons also play a role in general relativity in the form of black holes. In general solitons are non 
trivial solutions of the field equations which have a finite action integral. Their energy is localized 
in space and they have properties similar to point particles. Clearly it is of some interest to ask, 
what kind of solitonic objects appear in string theory giving rise to the behavior of eq. (^). The 
answer is that the string solitons are extended p-(spatial)dimensional flat objects called p-branes 
(i.e. {p + l)-dimensional hypersurfaces in space-time). The special values p = 0,1,2 therefore 
give point particles, strings and membranes respectively. Such objects can indeed be found as 
classical solutions of the effective low energy field theories derived from the various superstring 



theories (see section 3^). It was however Polchinski's achievement to realize, that some of them 
(namely those which do not arise in the universal sector) have an alternative description as hy- 
perplanes on which open strings can end As these objects are necessarily contained in type 
IIA and IIB string theory, it is apparent, that these theories have to contain open strings. Unlike 
in type I theory the open strings just have to start and end on the p-branes and are not allowed 
to move freely in the whole of space-time. It is obvious that the boundary conditions of the open 
strings have changed from Neumann to Dirichlet ones in the space dimensions transvers to the 
branes. That is why these p-branes are called D-branes (in contrast to the p-branes from the 
universal sector which are sometimes also called NS-branes) . Note that precisely the D-branes 
are responsible for contributions to scattering amplitudes that are suppressed by the first type of 
suppression factor. 



This new insight into the nature of the non perturbative degrees of freedom in string theory is 
a fundamental ingredient of the recently conjectured non perturbative duality symmetries. Like 
T-duality, these dualities are supposed to establish an equivalence of two (seemingly different) 
full string theories, but in their case the duality transformations map the weak coupling regions 
of one theory to the strong coupling regions of the other one and vice versa. Thus they e.g. 
exchange elementary excitations and the solitonic p-branes. Several different kinds of such non 
perturbative dualities have to be distinguished: 



1.3.1 S-duality 

By S-duality we mean a selfduality, which maps the weak coupling regime of one string theory 
to the strong coupling region of the same theory. The existence of such a strong-weak coupling 
duality in string theory was first conjectured in in the context of the compactification of the 
heterotic string to four dimensions. After some time accumulating evidence for the S-duality of 
the heterotic string compactified on was found found (7|-j^. More recently it was realized 
that also the type IIB superstring in ten dimensions is S-dual to itself jl^ and another In both 
cases the transformation acts via an element of SL{2, Z) on a complex scalar A, whose imaginary 
part's VEV is related to the coupling constant of the string theory (see (||)). In the heterotic 
theory it is given by A = a -I- je~*, where $ is the dilaton and a the scalar which is equivalent 
to the antisymmetric tensor B^^ in four dimensions. For the type IIB theory we have instead 
A = a-|-«e~*/^, where now a is the second scalar present in the ten dimensional spectrum coming 
from the RR sector. Both theories are invariant under the S-duality transformation 
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combined with a transformation of either the four dimensional gauge bosons, mixing F and its 
dual, 



or the two antisymmetric tensors 



\ f a b \ f B^i, 



B..„ } \ c d } \ B^^ 



(5) 



(6) 



in the heterotic or type IIB case respectively. The case a — a — d — h = —c = 1 shows, 
that the S-duality transformations comprise the inversion of the coupling constant. In the first 
example the theory is additionally invariant under a T-duality group (see below (]37|)). 

1.3.2 U-duality 

The U-duality group (see e.g. for a review) of a given string theory is the group which 

comprises T- and S-duality and embeds them into a generally larger group with new symmetry 
generators. The main example is the system type IIA/IIB in d < 8 on T^^^'^. It will be seen in 
section 2.3 that for d < 9 type II A and type IIB have the same moduli space and are T-dual to 
each other in the sense that type IIA at large compactification radius is equivalent to type IIB at 
small radius and vice versa. The two tendimensional theories are different limits of a single space 
of compactified theories, which will in the following sometimes be called the moduli space of type 
II theory (meaning all compactifications of type IIA and IIB). As indicated above, the theory is 
invariant under T-duality, which relates compactifications of type IIA (IIB) to those of type IIB 

(IIA) for a T-duality transformation in an odd number of directions and to those of type IIA 

(IIB) for a transformation in an even number. Furthermore it inherits the S-duality of the type 
IIB in ten dimensions. All these transformations act however only on the scalars of the NSNS 
sector, i.e. the Kaluza-Klein scalars coming from the metric and antisymmetric tensor (including 
the scalars coming from the ten dimensional RR scalar and RR antisymmetric tensor of IIB). It 
has however been conjectured fl^ that there is a much larger symmetry group called U-duality 
group, which contains the S- and T-duality groupQ SL(2, Z) H SO{D, D, Z) as its subgroup but 
transforms all scalars into each other, including those coming from the RR sector. In particular 
the U-duality groups of type II string theory on a (10 — d)-dimensional torus are: 

d 87 6 5432 

U-duality ^L(2,Z) SL{5,Z) 50(5,5,Z) E^f^^iZ) Ej^^^iZ) ^8(8)(Z) 4(8) (Z) 
group x5L(3,Z) 



where denotes a noncompact version of the exceptional group En for n = 6, 7,8 (see e.g. 

[|l3j) and G for any group G means the loop group of G, i.e. the group of mappings from the 
circle into G. 

1.3.3 String-string-duality 

This duality (some aspects of the string-string duality are reviewed in |Q) relates two different 
string theories in a way that the perturbative expansions get mixed up. The perturbative regime 
of the one theory is equivalent to the non perturbative regime of the other one. The elementary 
excitations on one side are mapped to the solitonic objects on the other side and vice versa. 
Examples are: 

"^The product M is non-commutative, as the S-duality transformation also acts non trivially on the antisym- 
metric tensor. 
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Het on ^ IIA on K3 

Het with gauge group SO{32) in d=10 ^ I in d=10 



1.3.4 Duality to elevendimensional supergravity and M-theory 

Let us now consider the type IIA superstring. At weak coupling it is the known tendimcnsional 
theory. However if we increase the couphng, a new eleventh dimension opens up Or more 
precisely stated, the effective Lagrangian of the tendimcnsional type IIA supergravity perfectly 
agrees with that of the elevendimensional supergravity compactifed on a circle of radius Rn, if 
the following identification of the type IIA string coupling and Rn is made: 

5^-^11- (7) 

The Kaluza-Klein states of the elevendimensional theory get masses proportional to l/i?ii and 
they are mapped by the duality transformation to the DO-branes of the type IIA superstring 
theory. Something analogous happens for the heterotic string, where the strong coupling limit is 
dual to elevendimensional theory compactified on an interval Si jZi ||l^, |l^ . 

All these different dualities have now led to the conjecture that all superstring theories are 
connected to each other via duality transformations in different dimensions. This suggests, that 
there is only one underlying unique fundamental theory and the different string vacua are just 
different weak coupling regions in the moduli space of this fundamental theory called M-theory 
(see fig. H). From the type IIA string theory we have learned that this M-theory is supposed 
to be an elevendimensional theory whose low energy effective Lagrangian should coincide with 
that of elvendimensional supergravity. However a fundamental formulation of M-theory is still 
lacking. We will come back to M-theory in chapter ^ and give more convincing arguments in 
favour of the above claims. 



ll-dim. 

SUGRA IIA 




Het Het' 



Figure 3: M-theory 



2 T-duality 

We are now going to have a closer look at the perturbative dualities, namely T-duality. We 
will first consider the most simple case, the bosonic string on a circle respectively D-dimensional 
torus, and afterwards generalize to the superstring. During the investigation of the type I string 
we will see that it is unavoidable to introduce D-branes, i.e. hyperplanes on which the open string 
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ends. That is because T-duality changes the boundary conditions of open strings from Neumann 
to Dirichlet. 



2.1 Closed bosonic string theory 

The principal effects of T-duahty in closed bosonic string theory can be studied within the context 
of 

2.1.1 Compactification on a circle 

The string action of the bosonic string moving in a flat background is given in the conformal 
gauge: 

5'=-^ / dTdadaX''(a,T)d"XJa,T). (8) 
Ana' J 

The resulting equation of motion is simply the two dimensional wave equation: 

leading to the usual decomposition: 

X'^(a,r)=XjJ(a-)+X^(a+) (10) 

where X'^ and X^ are arbitrary functions of their arguments = t — u respectively — r + a, 
just constrained to obey certain boundary conditions, which depend on the background the string 
is moving in. Besides the tendimensional Minkowski space also a space-time with one (or several) 
dimension(s) compactified on a circle (or higher dimensional torus) has the property of being 
Ricci flat, which is required for the background of any consistent string theory. We first assume, 
that only one coordinate is compact, namely 

^25 ^ ^25 ^ 2ttR (11) 
and therefore have to implement in our solution (|l^) the periodicity condition 

X^^{a + 2tt,t) = X^'^{a,T) + 2TTmR (12) 
in the compact direction. The general solution is given by 



(13) 



where we have used 



„25 

Pr 




pf = \l^n+^m\ (14) 



for 171,71 ^Ij. The canonical momentum is p^^ = (pF+Ph )/ V2a' ^ n/ R. The solution in (|T3|) has 
to be supplemented with the usual solution of the wave equation in the non compact directions 
(i.e. replace pf and pf in ( p^ by the same continous p'^ and both xf and xf by ^x'^). 
A string state in 26 uncompactified dimensions is characterized by specifying its momentum 
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and oscillations. Analogously the states of the compactified string theory depend on the two 
quantum numbers m and n, denoting the discrete momentum and winding of the string in the 
25"' dimension, its momentum in the non compact dimensions and the oscillations (internal and 
external ones). The winding is obviously a typical string effect with no analog in field theory. 
The mass of the (perturbative) states is given by Af^ = + M|. with 

Ml = -\p^p, = i(^,f)2 + l(7V,_i), 

Ml - = \{pff + ^{NR-l), (15) 

where Nl and Nr denote both the internal and the external oscillations. T-duality in this case 
refers to the symmetry of the mass spectrum under the Z2-transformation: 

R ^fa' 
7^ ^ ~R~' 

m ^ n. (16) 

As the transformation just maps the perturbative mass spectrum into (and onto) itself, the T- 
duality is from the target space point of view a perturbative symmetry. Concerning the two 
dimensional world sheet point of view however there is an exchange of the elementary excitations 
(momentum states) with the solitonic ones (winding states). 



It is obvious from (16) and (|lj) that the transformation maps to itself and p^^ to minus 
itself. If the whole theory is supposed to be invariant under T-duality this should be especially 
the case for all interactions (i.e. the interactions of states in one theory should be the same as 
those of the dual states in the 'other' theory). Therefore the vertex operators should also be 
invariant. They contain however phase factors like exp [ipf^X^^^ and exp {ip^^Xl^^ which are 
only invariant if we demand: 

x| ^ -if, i.e. af, - -a|, and 4^ -> -4. (17) 

Now it is possible to show that this change of the signs of the right-moving a^^j leaves all the 
correlation functions invariant and therefore is a symmetry of perturbative closed string theory. 
It should be emphasized that T-duality thus is a space-time parity operation on the right moving 
degrees of freedom only, which will become important in the context of type II string theory. 



The moduli space of a theory which depends on one (or more) parameter(s) is defined as the 
range of the parameter(s) leading to distinct physics. In our case the relevant parameter is the 
radius of the compactification circle. But whereas in field theory every radius R € R+ leads to 
different physics the situation in string theory is different. Here T-duality relates small with large 
radii and there is a 'smallest' (resp. biggest) radius, namely the fixed point of the transformation 
(|l6|), i.e. Rfix = Vc/. Thus the moduli space is Ai = {R < Rrx} resp. A4 — {R > i?fix}, which 
can be expressed in a more formal way as 

M = {ReM+/Z2}. (18) 

This is a general feature of T-duality, that the moduli space in string theory can be obtained 
from the one in field theory by modding out a discrete symmetry group, namely the T-duality 
group. In string theory these parameters or moduli describing different vacuum configurations 
are typically given by vacuum expectation values of massless scalar fields. In the case of circle 
compactification the relevant scalar is 

m=c^f.-iC^R.-i\0), (19) 

whose VEV corresponds to the radius of the circle (to be more precise, it really corresponds to 
the difference of the radius and Rhx)- The state |0) denotes the vacuum state without winding 
or internal momentum. 
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2.1.2 Compactification on a torus 

We now want to generalize the results of the previous discussion to the case of higher dimensional 
torus compactifications on (for convenience we set a' = 2 throughout this section). A torus 
can be defined by identifying points of K-^, which lie in a D-dimensional lattice A^, 

= M^/27rA^, (20) 

where the lattice A^ can be specified by giving D linear independent vectors in MP , namely 
{R^/V2) e^,i = l,...,D with (ei)2 = 2. I.e. 

A^ = |L = ^y|m,i?,e., me . (21) 

We also need the notion of the dual lattice A^*, given by the D vectors (V2/i?i) e**, which is 
defined as the lattice of vectors which have integer scalar products with all the elements of A^. 
In particular the basis vectors satisfy 

D D 

Y.«^-^l 5]e^e^ = <5^ (22) 

a=l i=l 

The importance of the dual lattice lies in the fact, that the canonical momenta|^ tt* in the com- 
pactified dimensions have to lie in A^* for compactifications on A^ in order to ensure the single 
valuedness of exp (zXV*), which is the generator of translations in the internal directions. Fur- 
thermore the metric Gij of A^ is given by 



^ Y 2^.e^V2^.e," = G,,, ^ = (G"^)^^ . (23) 

a— 1 a— 1 * 

In generalization of ([l^) we now have massless scalars 

\'^^^)^al,_,a'j,_,\0), z,j = l,...,D. (24) 

These fields correspond to the moduli of the _D-dimensional torus compactification. Their VEVs 
can be regarded as the internal components of the metric, i.e. (p3|), and the antisymmetric tensor 
field Bij, yielding I?(_D + l)/2 respectively Z?(_D — l)/2 degrees of freedom. Therefore we have to 
generalize (^) to contain the antisymmetric tensor. The action for the internal degrees of freedom 
of a string moving in a background specified by Gij and Bij then takes the forrrj^ 

J dcrdrL^ ^ J dadT (o.jdaX'd^X^ + t""'^ B.jd^X'dpX^ - 2$i?(2)) . (25) 

The fields X*, Gij and Bij are all given via their components referring to the basis of A^, 
namely referring to {e^}. One could as well take all components referring to the standard basis 
of R. In this case we will take the indices to be a,5, . . . in contrast to i, . . .. From ( p5| ) (with 
{hj) ^ (o, b)) we can deduce the canonical momentum: 

- I da ^ + -B^^ (X.(. ^ 2.) - X^ia ^ 0)) ^ + -B^^U. (26) 



^Remember that the canonical momenta are in general not the same as the kinematical momenta, denoted by 

p\ 

^The second term did not show up in the previous section, because there is no antisymmetric tensor in one 
dimension. The third term does not play any role for our purposes. # is the dilaton and i?'^) the two dimensional 
world sheet curvature scalar. We shall return to this background field action (the linear ir-model) later on. 
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As already mentioned tt has to be an element of A^*. We also have 



— d<7drX^ = ^{pl+p'^^) (27) 



and ~ = (compare e.g. (|T^)) and therefore we get 
Pl.r = 1^ - 2 '' 2 

= E + ^ £ ('''^^ ^ (28) 

where we have expressed the antisymmetric tensor via its components referring to the basis of 
the dual lattice, i.e. 



B""' = ^ie*''rBk,{e*^)'^, (29) 



and we have used (g2|) and ( p3| ) to rewrite 



fc=l ^3 



(30) 



The p2 i{ s-re in general no elements of A^* , but they are the momenta which enter the analog 
of (p^). That is why the spectrum depends on both, the shape of the torus and the VEV of the 
antisymmetric tensor field: 

=Nl + Nr-2 + ]^ {{plT + imf) . (31) 

It is obvious from this equation, that the spectrum is invariant under seperate rotations SO{D)l 
and SO{D)]i of the vectors and p^. In order to determine the classical moduli space it is 
convenient to look at the lattice Fj) which consists of all vectors {pl,Pr) and for which we 
choose a Lorentzian scalar product, i.e. {pl,Pr) • {pl',Pr') — Pl ■ Pl' ~Pr ■ Pr'- Using ( |2^ ) and 
the antisymmetry of Bij it is easy to verify that we have 

D 

{pl,Pr) ■ {pl,Pr') = ^(m^n- + niW-) G Z. (32) 
1=1 

That means the inner product is independent of the background fields Gij and Bij . It can be 
calculated by taking for example Gij = Sij (i.e. e° = V^Sf, Ri = 1) and Bij = 0. In this case 
it is obvious, that Td,d is even and self-dual, i.e. the length of any element is even (clear from 



(|32D) and the lattice is equal to its dual. But as the scalar product ( |32| ) is independent of the 
background fields the same holds for the self-duality and the eveness of the lattice. Different 
values of the parameters (|2j) lead to different such Lorentzian lattices Td d and actually all 
of them can be obtained by choosing the correct values for the background fields. It is known, 
that it is possible to generate all different even and self-dual Lorentzian lattices via an SO{D, D) 
rotation of a reference lattice, e.g. the special one considered above (e° = v^^f , Ri = 1 and 
Bij — 0) . We have seen however in (^) a hint that not all of them yield a different string theory. 
In fact one can identify the classical moduli space to be 

_ SO{D,D) 

JVl.Uss - g^^^^ ^ g^^^^ , [66) 

which is a Z3^-dimensional manifold. 
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Like in the case of the circle compactification, special points in the moduli space are equivalent 
because of stringy effects, while they were not equivalent classically. Again the equivalent points 
can be mapped to each other via the operation of a discrete T-duality group and it is obvious from 
the representation ~ x . . . x that this group embraces coming from the T-duality 
groups of the factors which make up the torus. Actually the whole T-duality group of is 
bigger namely 

Tx-duality = 50(i^,^,Z), (34) 

which consists of all SO{D, D) matrices with integer entries. Roughly speaking the T-duality 
group is generated by the T-duality transformations of the different circles, basis changes for the 
defining lattice of the torus and integer shifts in Bij . Instead of showing this in general we include 
an extensive treatment of the example 13 = 2 in the appendix. We also demonstrate the feature 
of gauge symmetry enhancement at fixed points of the duality group on the moduli space there. 

2.2 Heterotic string theory 

The internal bosonic part of the heterotic string action on a D-dimensional torus including the 
coupling to a background gauge field VaA (a = ^t--,D, A = 1, . . . , 16) and a background 
antisymmetric tensor is 



47ra 



+VaAdo.Xld^Xt + ..). (35) 



The background gauge field is called a Wilson line and is a pure gauge configuration in the Cartan 
subalgebra of the gauge group, which yields however a non trivial parallel transport around non 
trivial paths in space time[|. The potential for the gauge bosons not in the Cartan subalgebra 
has for torus compactifications no fiat directions so that it is not possible for them to obtain a 
VEV. If all the Wilson line moduli are zero the gauge group is unbroken (i.e. x Eg, or 50(32)) 
but for non zero values of the background gauge field only the subgroup commuting with the 
Wilson line remains a gauge symmetry, i.e. it is broken to U{\)^^ for generic values. Thus the 
Wilson line parameters are further IQD moduli specifying the vacuum configuration, which is 
now characterized by D{D + 16) background fields. 

It is obvious from ( ^5| ) that only the left moving part of the internal action has changed 
compared to the bosonic case. That is because the heterotic string is a hybrid construction of a 
left moving bosonic and a right moving fermionic string which are compactified on two different 
tori. The compactification torus for the left moving sector is the product of that one for the 
right moving sector times the one defined through the dual of the root lattice of Eg x Eg or 
5*0(32). Thus it is clear that the right momenta p/j from ( [2^ ) do not change, but the left ones 
do. Nevertheless it is again possible to show, that the resulting vectors [pltPr) form an even self 
dual Lorentzian lattice with signature {D 4- 16,13). As before all of those can be generated via 
SO{D + 16, D) transformations of a reference lattice and again the spectrum is invariant under 
individual SO{D + 16) x SO{D) rotations of the left and right momenta. Thus the classical 
moduli space is 

SO{D + 16, D) 
•^^'"^^ " 50(I3 + 16) x50(i3)' 

which is a D{D + 16)-dimensional manifold as one would have guessed. Like in the bosonic case 
the T-duality group is the maximal discrete subgroup of the numerator of the classical moduli 
space (|3^), namely: 

-duality — 

SO{D + 16, D,Z) (37) 



^The expression Wilson line refers to both, the gauge configuration and (the trace of the pathordered product 
of) the line integral of the vector potential along a closed line: tr exp (^f dX ■ ^ . 
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and the quantum moduli space is the coset space obtained from the classical one by modding out 
this T-duality group. 

2.3 Type IIA and IIB superstring theory 

The world sheet action in a flat space time background for type IIA and IIB is given by 

S=^J drda (d^X^d'^X^ + ^j'^^d+^R^ + ^^^-^l^) (38) 

where we have introduced the notation d± = ^ [dr ± 9a-)- The world sheet fermions ipR and 
tpL are right respectively left moving. Both of them can either obey periodic Ramond (R) or 
antiperiodic Neveu-Schwarz (NS) boundary conditions. The zero modes of "tpL/R. in the R sector 
lead to a vacuum degeneracy such that the ground states transform according to one of the 
irreducible spinor representations of 50(8), 8s or 8c distinguished by their chirality. The lowest 
lying state in the NS sector is a tachyon and the massless ground state transforms as a vector 
8v under SO{8). In both, the left and right moving spectrum, the GSO projection keeps only 
one of the irreducible spinor representations in the massless R sector and skips the tachyon in 
the NS sector. As the spectrum of the closed string is derived by tensoring the left and the 
right spectra and as the two choices 8s or 8c for each individual sector are physically equivalent, 
differing only by a space time parity transformation, there are two distinguished string theories, 
depending on whether the chirality of the fermions are the same in both sectors or not. In the 
first case we end up with the chiral type IIB theory, whose massless particle content is equal 
to the one of = 2 type IIB supergravity in ten dimensions (namely (8v + 8s) <8) (8v + 8s)). 
The other alternative leads to the nonchiral type IIA theory with the same massless spectrum as 
N = 2 type IIA supergravity in ten dimensions ((8v + 8s) ® (8v + 8c)). Space time fermions are 
made by tensoring states from the left moving R sector with those of the right moving NS sector 
or vice versa, leading for type IIA to two gravitinos and dilatinos of opposite chirality and for 
type IIB to two gravitinos and dilatinos of the same chirality. Bosons are obtained in the NSNS 

IIA (8v ® 8c) + (8s ® 8v) = (8c + 56c) + (8s + 56s) 
IIB (8v ® 8s) + (8s ® 8v) = (8s + 56s) + (8s + 56s) 



Table 2: Fermionic massless spectrum 

and the RR sector. The NSNS sector is universal and leads for both theories to the same states: 
8v08v = 1 + 28 + 35, where the occuring states are in turn the dilaton, the antisymmetric tensor 
and the graviton, common to all string theories. The RR sector is different for both theories. It 
is shown in table ^ (the superscript '+' at the 4- form in the IIB spectrum reminds at the fact 
that its field strength is self dual). 

IIA (8s ® 8c) = (8v + 56) 

IIB (8s (8) 8s) = 1 + 28 + 35 

*' 4^^) A + 

^ ^[MN] ^[MNPQ] 



Table 3: Massless RR states 

Let us now have a look at the new features coming up in the context of T-duality in type II 
superstrings Consider first the case of one compact dimension. We have seen in the bosonic 
case that T-duality reverses the sign of the compactified coordinate in the right moving sector 
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(|T^. This remains true in the type II string theory. Conformal invariance requires then also (as 
the supercurrent —■^tpUf^d+X'^ should be invariant) 

^ (39) 

This however switches the chirality on the right moving side, i.e. 8s ^ 8c, which had to be ex- 
pected as we have already seen in the bosonic case that T-duality is a space-time parity operation 
on just one side of the worldsheet. Thus the relative chirality between the left and right moving 
sectors is changed and a T-duality transformation (in one direction) switches between type IIA 
and IIB: 

IIA on5i(^) = IIB onS'i(^). (40) 

This remains true in higher dimensional torus compactifications if we T-dualize in an odd number 
of directions. On the other hand, if we T-dualize in an even number of directions, the relative 
chirality of the left and the right moving sectors is not changed and in this case T-duality is a 



selfduality (compare the discussion in section 1.3.2) 



2.4 Open strings 

While type I string theory contains open superstrings most of the generic features we shall be 
interested in already appear with purely bosonic open strings (for which we choose a parametriza- 
tion < cr < 7r). For them there are two kinds of boundary conditions possible: The Poincare 
invariant Neumann boundary conditions mean that there is no momentum flowing off the edges 
of the string: 

d.X'^U,^^ = 0. (41) 

The ends of the string can however move freely in space time. Dirichlet boundary conditions on 
the other hand break 26-dimensional Poincare invariance. They are given by 

5rX^U=o,. = 0, i.e. X^^U.^^^c. (42) 

Now the ends of the open string are fixed at position c. That both endpoints are fixed at the 
same position becomes clear in (^), but in fact the endpoints of all open strings (not charged 
under a non abelian gauge group) with Dirichlet boundary conditions in fj, direction are fixed to 
the same value, as can be deduced by considering a graviton exchange of two open strings |^ . 
It is of course possible to choose different boundary conditions in different directions. In case 
the open string obeys Neumann boundary conditions in the {p + 1) directions X^, /i = 0, . . . ,p 
and Dirichlet ones in the remaining X^, i — p + 1, ... ,25 its end points can just move within the 
p-dimensional plane in space transversal to the directions in which Dirichlet boundary conditions 
are valid (see fig. ^. This plane is called Dp-brane. Introduced in this manner, D-branes are just 
rigid objects in space time defined via the boundary conditions of open strings. It will be seen 
in the next chapter that they are in fact dynamical degrees of freedom with a tension Tp ~ l/gs- 
Thus they only seem to be rigid at weak coupling but become dynamical in the strong coupling 
regime, hinting at the fact that they have to be identified with the semi solitons already an- 
nounced in the introduction (section |l.3| ) . 

Let us now investigate the role of D-branes for T-duality of open strings. Suppose we start 
with open strings obeying Neumann boundary conditions. Now we compactify one coordinate 
on a circle of radius R, say X^^, but keeping Neumann boundary conditions. The center of mass 
momentum in this direction takes only the discrete values p^^ = n/R like for the closed strings. 
In contrast to the closed string case however there is no analog of a winding state for the open 
string as its winding is topologically always trivial. The solutions of the equations of motion for 
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Figure 4: Open strings moving on a Dp-brane 



the compactificd left and right moving coordinates are®: 

25 / f ^ 

XlHa,r) = ^ + f +«y^(r + a)+^J|^iare-^■''(^+-). (43) 

We see that the compactified coordinate moves with momentum p^^ = ^ on S"^: 

X25(cr, r) = ((7, r) + (cT, r) = .t^^ + V + osc. (44) 

As the radius is taken to zero only the n — mode survives and the open string seems to move 
only in 25 space-time dimensions but nevertheless still vibrates in 26 (or rather in the 24 trans- 
verse ones). This is similar to an open string whose cndpoints are fixed at a hyperplane with 25 
dimensions. 

This fact can be better understood if one performs a T-duality transformation in the X'^^ 
direction and introduces the T-dual coordinate X^^(cr, r) = X|^(cr, t) — X'^{a,T). This choice 
is motivated by the fact that T-duality is a one sided space-time parity transformation on the 
right-moving coordinate (see eq. ([l7j) and the comments in the corresponding paragraph). This 
coordinate on the T-dualized circle 5*^^^ with Rd = a' / R now takes the form 



X^\a, r) = (cr, r) - Xf{a, t) = c + 2a' p^^ a + osc 

*It is clear from ( |l4| ) with m = that = pj^ = ^P^^; the additional factors of 2 compared to stem 
from the different parametrization of the open string world sheet. 
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fib 

= c + 2a —a + osc 
it 

= c + 2nRDcr + osc. (45) 

Thus the boundary conditions have changed for the dual coordinate from Neumann to Dirich- 
let ones, i.e. the end points of the string are fixed to the values X'^^{a = 0) ~ c respectively 
X'^^{a = tt) = c mod 2ttR£). Another way of saying this is that the open string end points 
are constrained to move within D24-branes which are seperated from each other by a multiple 
of 2Tr Rd and are therefore identified as we have compactified the dual coordinate on a circle of 
radius Rd (see fig. 0). Like for the closed string T-duality exchanges winding and momentum 
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Figure 5: c = mod 2t:Rd 



quantum numbers for the open string. Before T-dualizing the winding number has been zero. 
After the transformation the center of mass momentum is zero as can be seen from (^), i.e. not 
only the end points but also the center of mass of the open string is constrained to move in a 
24 (spatial) dimensional hyperplane. On the other hand, as the string end points are now fixed 
in the compactified dimension, it makes sense to talk about winding states. Actually these are 
states for which n is nonzero in ( ^5| ) because X^^ and X^^ + 27rni?o are identified for any n e Z. 
Let us summarize this point. Before T-dualizing the open string ends move within a D25-brane 
wrapped around the compact dimension (which is an elegant way to say that they can move freely 
in space time). In the dual description however the D25-brane has changed to a D24-brane. This 
is a general feature: T-dualizing in a certain compact direction X"^ turns a Dp-brane which is 
wrapped around this circle (i.e. the open strings obey Neumann boundary conditions in the X"^ 
direction) into a D(p — l)-brane. The inverse is also true. If the Dp-brane is fixed in the X"^ 
direction before T-dualizing (i.e. the open strings obey Dirichlet boundary conditions along X^) 
it is turned into a D(p + l)-brane which is wrapped around the compact z*'' dimension. 



This fact is also crucial for the incorporation of D-branes and open strings in type II string 
theory. We will see in section 3.2.1 that Dp-branes with p even only appear in the type IIA theory 
and those with p odd exist in type IIB (see e.g. table As was explained above T-duality in an 
odd number of directions switches from IIA to IIB theory and thus it is necessary for consistency 
that T-duality in one direction changes the value of p by plus or minus one. 



Next we consider the massless spectrum of the bosonic open string. In the dual picture these 
massless states are given by states without winding. This can be seen from the mass formula 

= (/5)2 + ^{N - 1) = (^Rd)\ ^{N - 1). (46) 
a' \a' / a' 

^This is true for generic values of R]j, but as in the closed string case extra massless states appear for the self 

dual radius Rd = R = \fa! . 
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Thus the massless states are given by {N = 1, n = 0): 



a^_,\0), ai\\0), (47) 

where the first state is a U{1) gauge boson and the second one a scalar whose VEV describes the 
position of the D-brane in the dual space. This easily generalizes to the case of a Dp-brane. 
Then a^i|0) gives again a massless U{1) gauge boson and the VEVs of a!_i|0) are the (25 — p) 
coordinates of the Dp-brane in the space directions transversal to it. As the open string has no 
momentum in these directions the same holds for the U{1) gauge bosons. Thus it has become 
conventional to speak of the gauge theory living on the world volume of the Dp-brane (which 
amounts to a dimensionally reduced gauge theory). 

So far we have only considered open strings charged under a U (1) gauge group. We now want 
to generalize the results to non abelian gauge groups. To do so let us consider orientable open 
strings whose end points carry charges under a non abelian gauge group. Consistency require- 
ments restrict the choice to U{n) for orientable strings (and SO{n) respectively USp{n) for non 
orientable ones) To be more precise one end transforms under the fundamental representation 
n of U{n) and the other one under its complex conjugate n. The ground state wavefunction is 
thus not only specified by the center of mass momentum of the string but additionally by the 
charges of the end points, giving rise to a basis \k;ij) {Chan Paton basis). Generally the open 
string states can be characterized by their charges with respect to the generators of the Cartan 
subalgebra J7(l)" of U{n), which can be taken as the n different n x n matrices with just one 
entry 1 on the diagonal. The states \k;ij) of the Chan Paton basis are now those states which 
carry charge -1-1 respectively —1 under the i*'' respectively j*'* U{1) generator. Obviously the 
whole open string transforms as a "bifundamental" under the tensor product n n which is just 
the adjoint of U{n). From this point of view it seems more appropriate to take as basis for the 
ground state wavefunction the combinations \k;a) — J27j=i \^T''-j)Kj- The factors A° are the 
matrix elements of the U{n) generators and are called Chan Paton factors. The \k; a) transform 
under the adjoint of U{n) if the i index transforms with n and the j index with n. The usual 
vector at the massless level ati\k, a) is now a U{n) gauge boson. 

The new feature in toroidal compactification of the open string with gauge group U{n) is the 
possible appearance of Wilson lines (see footnote 0). If we compactify the 25*'* dimension on a 
circle with radius R a possible background field with non trivial line integral along this circle is 



A 



25 



2ttR 



diag (01, ... , 0„) = -^A-'^,,A , A = diag (e'^^'«^/^-«, . . . , e'^"^"/^-^) . (48) 



If 9i = (or all equal to another constant value) for i = 1, . . . , m and dj ^ (and all pairwise 
different) for j = m + 1, . . . ,n the gauge group is broken to U{n) — > U{m) x [/(l)""™ (compare 
our discussion of the Wilson lines of the heterotic string in section . Thus the 9i play the role 
of Higgs fields. Another important characteristic of the Wilson line is that it changes the value 
of momentum p^^ , where the change depends on the Chan Paton quantum numbers of the state. 
Therefore we use the Chan Paton basis in the following. In particular we have for a ground state 
\l/R;tj) 

^(*^) R^ 2nR ■ ^ ' 

To see this consider first the case of a U{1) gauge theory and a point particle with charge q. 
Under a gauge transformation with A^^ the background gauge field vanishes and one knows from 
ordinary quantum mechanics that the wavefunction of the particle picks up a phase 

exp l-iq [ dx'^^A'^A , (50) 



where Xg^ is a reference point. Thus it is no longer periodic under X^^ X^^ + 2ttR but gets 
a phase exp(— «g0). As the wavefunction in the momentum representation is a plane wave, this 
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non periodicity is equivalent to a shift in the canonical momentum 



^ R 27TR- 

Let us now turn to string theory. The background gauge field ( ^8|) is an element of the Cartan 
subalgebra, i.e. of the subgroup U{1)^ of U{n). The string states with Chan Paton quantum 
numbers have charges +1 (—1) under the i*'' (j*'*) U{1) factor and are neutral with respect 
to the others. Thus ( ^ ) follows immediately from (|5l|). If we insert (49) into ( ^6| ) we get 



from which we see that for generic 9 values the only massless states are the diagonal ones (i — j) 
giving a gauge group [/(!)" (for I = and N = 1). If some of the 0's are equal we get additional 
massless states enhancing the gauge symmetry and confirming our discussion above. 



Now we want to interpret the situation in the dual picture. From (^5|) and (49) we see that 
the dual coordinate for a string with Chan Paton labels is given by 



(a, r) = c + 2/ + Rdct + osc. (53) 



If we set c = 9iRD we get 



Xg)((T = 0,r) = 9,Rd.. 



Xg)(a = 7r,T) = 2ttIRd + 9,Rd. (54) 

Thus we have n different D-branes, whose positions (modulo 27ri?c) are given by 9jRD (see fig. 
^). From (^) we see that generically only open strings with both end points on one and the 
same D-brane yield massless gauge bosons (gauge group [/(!)") and strings which are stretched 
between different D-branes give massive states with masses M ~ (6*^ — 9j)RD- Obviously the 
masses decrease with smaller distances and vanish if the two D-branes take up the same position. 
In this picture the coincidence of D-brane positions leads to the encountered gauge symmetry 
enhancement. In particular if all D-branes are stuck on top of each other the gauge group is 
Uin). 



A feature of D-branes which we just mention for later use but without proof is that they break 
(part of the) supersymmetry (see e.g. |l^). In the special situation above all the n D-branes 
were parallel to each other. In this case half of the supersymmetries are broken (leading to iV = 4 
in D = 4 for type II string theory) . To break even more supersymmetries one needs more general 
configurations of intersecting D-branes. Two orthogonal D-branes for example break altogether 
3/4 of supersymmetry (giving iV = 2 in Z? = 4) if the number d± of dimensions in which just 
one of the two branes is extended (but not both) is 4 or 8 (examples are a D4-brane together 
with a DO-brane or two completely transverse D2-branes). If d± is however 2 or 6 (it is always 
even) all of the supersymmetry is broken. In situations with rotated D-branes it is also possible 
to get N = 1 supersymmetry in D — 4 (i.e. 1/8 of the SUSY generators are preserved). For some 
further details the reader is referred to [D . 



3 Non perturbative phenomena 

In the previous chapters interactions in string perturbation theory were defined by a summation 
over all conformally inequivalent world sheets, each weighted with a factor of the string coupling 
constant according to the topology of the respective Riemann surface. In this chapter we are going 
to look for explicit non perturbative states in string theory to get a more complete description of 
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Figure 6: D-brane configuration in the presence of a Wilson line 



the spectrum and possible interactions. One strategy to find states of non perturbative nature is 
to look for non trivial solutions of the classical equations of motion of the low energy approxima- 
tion to string theory. We will find these equations to have brane solutions which depend only on 
a subset of the coordinates of space-time, such that the sources of the fields are multidimensional 
membranes. They are solitonic in the sense that their masses are proportional to inverse powers 
of the string coupling M^^^ ~ Vfi' while the states of the perturbative spectrum have masses 
proportional to the string coupling constant: M^^j. ~ g^. They are then called p-branes, if they 
extend into p spatial dimensions, thus have {p + l)-dimensional worldvolume. Further we shall 
demonstrate that also the D-branes discussed earlier as hyperplanes in space-time, on which open 
strings might end with Dirichlet boundary conditions, display characteristic features of solitonic 
states. By an indirect way of reasoning we shall argue that they are in fact dynamical objects, 
i.e. they interact with open strings, thereby couple to gravity and gauge fields, and fluctuate in 
shape and position. Their perturbative degrees of freedom are open strings ending on the brane, 
which describe the fluctuations of the D-brane by their perturbative spectrum. Also we shall flnd 
their mass spectrum to be of intermediate range, ^ l/,9s, which indicates that they arc in 
between elementary perturbative states and solitons and therefore caused them being adressed as 
half-solitonic. The three types of states, perturbative, solitonic and half-solitonic, are mixed by 
various (conjectured) S, T and U dualities from the previous chapters. They leave the spectrum 
invariant but transform the moduli, thereby in some cases interchanging the perturbative and 
non perturbative regimes of the theory. 



19 



3.1 Solitons in field theory 



To motivate later discussions and interpretations, we first give an introduction into field theoret- 
ical solitons, in particular the black holes of Einstein gravity and the t'Hooft-Polyakov monopole 
of non abelian gauge theories. Such solitons are defined to be non trivial solutions to the field 
equations with finite action. Regarding the obvious symmetries of their spectrum, we then point 
out the idea of S-duality and how it is supposed to be realized in supersymmetric gauge theories. 
The bridge to the quantum theory will be built by realizing the BPS nature of some of the classi- 
cal solutions after embedding these into supersymmetric theories, which is assumed to guarantee 
their existence in the spectrum of the quantum theory, too. 



3.1.1 Black holes 

We start with discussing classical solutions to the Einstein equations that are not of perturbative 
nature as they involve large deviations from the Minkowski flat space-time. The classical theory 
of general relativity originates from the vacuum Einstein action 

Se = J d'^x ^/^R (55) 

of pure gravity, where g is the determinant of the metric g^n and R the curvature scalar. By the 
usual methods one then finds the Einstein equation, the equation of motion of the metric field 
without matter, which (in d > 2) simply demands the space-time to be Ricci flat; 

= 0. (56) 

Perturbative solutions to these equations are for instance given by gravitational waves, freely 
propagating, small deviations from the flat metric. The most prominent among the non-pertur- 
bative solutions are black holes |^ and the prototype of such is the Schwarzschild metric 

o / 2m' \ , 2m' \ ^ , , , 



dsi = - (^1 - ^ j ~) ^ ^ ^ ' ■ 

It is the unique stationary solution of the vacuum Einstein equations outside a star that has 
collapsed to a pressureless fluid of matter. The parameter to' is related to the fourdimensional 
Newton constant Gn by to' = Gnto/c^, to being the mass of the black hole, which is derived by 
comparing the asymptotic large r behaviour of the 500 component to the classical non-relativistic 
Newton law. The Schwarzschild metric suffers from two obvious divergencies. First the event 
horizon at r = 2to' which is only a coordinate divergence and involves the change of the metric 

signature ( — hH — h) — > (H 1 — h), in a way the interchange of radial and time directions, while the 

curvature and even R^i^p^R^'^^'^ stay finite. When observed from the radial infinity, where the 
metric tends to flat Minkowski space-time, no geodesic can reach the horizon at finite values of 
the affine parameter which can in case of timelike geodesies be taken to be its proper time. There 
is also the physically more dramatic divergence at r = 0, where the square of the curvature tensor 
Rfj.i^pa-R'^'^'"^ diverges as an inverse power of the radial coordinate. Such divergencies cannot be 
removed by conformal transformations, they imply that geodesies, particle trajectories, cannot 
be completed into these points, which is said to be a generic feature of any gravitational collapse. 
Concerning the global causal structure, the horizon signals the notion, that all timelike or null 
geodesies from inside r < 2m! are leading into the spacelike singularity, therefore no matter can 
escape its destiny of falling into the singularity at the core, which occurs even in finite proper 
time. Generalizations of the Schwarzschild solution are given by the Reissner-Nordstrom solution 
for charged black holes, obtained by adding a Maxwell term —\F^ to the vacuum action, and 
the Kerr solution that incorporates also rotating black holes and is the most general form of any 
stationary solution to the Einstein equations of the vacuum plus only electromagnetism. These 
metrics are related to more complicated global structures of space time and display different types 
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of curvature and coordinate singularities. As we shall later on refer to the charged black holes, we 
here give the solutions for the metric and the electromagnetic potential of the Reissner-Nordstrom 
case: 

dsi. = -(l-^ + ^)rft^+(l-^ + ^)"^r^+r^K+sin^W#2), 

= 5°^-. (58) 
r 

Obviously q can be interpreted as the total electric charge of the black hole. Further analysis 
shows, that only in the case m' > q the curvature singularity at the radial origin is screened by 
a horizon. If m' > q the metric actually has two horizons 



r± = m' ± \/ — (59) 

which can both be removed by analytic extension. Different from the Schwarzschild case, the 
singularity itself is timelike and the causal structure more involved. The case of an extremal 
charged black hole is reached if m' = g which demands the horizons to coincide and the metric 
simplifies to 

dsl^ = - (l - V") ' + " V") ' + ^^^^ + ''''' '^'^'^ • 
An important property of this situation is its vanishing surface gravity 

^± = '-^^ = 0, (61) 

which is a measure of the local accelaration that appears to affect a particle near the horizon, 
as it is being watched from infinity. Note that the causal structure of space-time of this solution 
still is differing from the Schwarzschild solution, though the metric might look somewhat simi- 
lar. Besides the differences mentioned all black hole solutions have got the feature in common, 
that (as long as the positive energy hypothesis holds), any curvature singularity is shielded by a 
horizon which, viewed from spatial infinity (expressed in asymtotically flat coordinates), cannot 
be reached by any particle (any space- or timelike geodesic) in finite time. 

We shall now introduce concepts of particle physics and thermodynamics into this classical 

picture to explain the related problems of the loss of information and Hawking radiation. As there 
is no complete quantum theory available that allows a consistent treatment of the gravitational 
interactions together with the strong and electroweak interactions, we have to rely on semiclassical 
methods and sometimes heuristic argiiments. Let us first look for the state equation of black hole 
thermodynamics. Even the most general black hole metric, the Kerr black hole, does not depend 
on the time and azimutal angle coordinate (j), such that these define vector fields along which the 
action is constant, i.e. Killing vector fields: 

d d 

While in a curved background one cannot simply integrate the field equations over some space-like 
region to get conserved quantities, as usually done in field theory on Minkowski flat space-time, 
the projections of the energy momentum tensor onto such Killing vector flelds are conserved. 
Thus to any Killing vector field ^ one can associate a conserved charge by integrating its covariant 
derivative over the boundary of some spacclike region V 



(63) 
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In the presence of a black hole the volume integral is conveniently split off into a surface integral 
over the horizon H and a volume integral over the space time ST outside: 

= 8^ L + ^ i '"^^ ^''^ 

The two Killing vector fields C and rj in particular produce conserved charges that contain besides 
other terms the total energy (mass) m' and the angular momentum J of the Kerr black hole. 
Using the explicit expressions one can derive the mass formula of Smarr: 

m' = + 20h J + $Hg, (65) 

where A is the area of the horizon, fin the constant angular velocity at the horizon, J the 
total angular momentum, <f>H the electric potential at the horizon. We notice that the extremal 
Reissner-Nordstrom solution with vanishing k and Qh has mass equal to its electric potential 
energy: m' = <&h9- This will be identified to be the BPS mass bound later on. By analyzing 
the dimensionality of the various quantities (c.f. Euler theorem on homogeneous functions), one 
further finds the differential state equation to be: 

dm' = -^dA + n^dJ + ^^dq, (66) 
on 

which is the so called first law of black hole mechanics. Interpreting this as a thermodynamical 
relation, suggests to define the black hole (Hawking) temperature Th = K/27r and its (Bekenstein- 
Hawking) entropy ^bh = A/ A. It is in fact clear that the black hole must carry entropy anyway, 
as throwing matter into it would otherwise destroy such. (On the other hand no such process 
could be watched from the asymptotically flat region.) The Hawking temperature we have recov- 
ered here is also known from other arguments, which explains the seemingly arbitrary choice of 
numerical coefficients. The second law of thermodynamics now translates into the statement that 
the horizon of an isolated black hole has non-decreasing area. One should suspect that this black 
hole entropy can be computed by a state counting procedure as usual in quantum statistics. This 
task has never been solved in the context of QM or QFT, as the quantum degrees of freedom of 
the black hole are still unknown. We shall later address this question from the point of view of 
string theory. 

We now briefly turn to Hawking radiation |2^, which refers to the fact that black holes 
can radiate particles exhibiting a thermal spectrum. The formalism of quantum field theory on 
curved space-time allows under certain circumstances, as are met when black holes are formed, 
non unitary changes of the Fock space basis. From this it follows that the vacuum before the 
collapse may look like a many particle state afterwards. Along these lines one can deduce the 
claimed statement that black holes in fact radiate. In a more heuristic manner it can be figured 
that after pair-creation of a particle and an antiparticle by vacuum fluctuations for instance of 
the photon field near the horizon, one of the two particles is drawn inside the horizon, while the 
other one appears to be radiated away from the black hole. By a semiclassical analysis of a field 
propagating along a trajectory close to the future event horizon Hawking could demonstrate that 
the spectrum of this radiation is approximately that of a black body thermal radiation at the 
Hawking temperature k/2'k: 

n(uj) = — — I . (67) 

The black hole obviously can thermalize its entropy and energy by this mechanism. A very special 
case is the extremal Reissner-Nordstrom black hole with k = 0, so that no Hawking radiation 
is emitted and it appears to be stable. Although this analysis does not take into account the 
effect of decreasing the mass of the black hole in the process (back reaction) it is convenient to 
cite the riddle of loss of information when throwing matter into the hole that later on radiates 
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away thermalized p2[ . The formerly pure quantum state of such matter has lost its coherence. 
A proper unitary description of the whole phenomenon is expected to clarify the question but it 
still remains to be found. Apparently it should have to include a consistent quantum treatment 
of the gravitational field, an outstanding challenge so far. Later on we shall reveal some of the 
attempts that have been undertaken in string theory recently. 



3.1.2 Magnetic monopoles 

The second type of solitonic objects we shall discuss are the magnetic monopoles of gauge the- 
ories. We will proceed very much like in the previous section by looking for classical solutions 
to the field equations, which have finite energy densities and thus have possibly relevant con- 
tributions to the quantum theoretical path integral. The magnitude of these contributions will 
depend on the coupling and is in general non perturbative. While we could not give a rigorous 
answer to the question, if black holes are stable states of the (unknown) quantum theory, this 
issue can be addressed in gauge theory, at least in some supersymmetric extension, and leads to 
the notion of so called BPS saturated states. We now start with the most simple setting, classical 
electrodynamics and its Maxwell equations. 

The idea of magnetic monopoles traces back to Dirac who figured out what happened when 
symmetrizing the Maxwell equations 

^ ^ a - 

VB = 0, VxE+—B^Q (68) 

at 

by generalizing the electromagnetic duality 

i? -> B, B ^ -E (69) 

of the vacuum equations to a symmetry of the full classical electromagnetic theory. This is 
possible by introducing magnetic currents into the equations. The corresponding particles are 
called magnetic monopoles. Such a single stationary and point-like monopole of magnetic charge 
g at the origin generates a singular magnetic field 

B = .9-^ (70) 

which itself is created by a vector potential, that cannot be defined globally. In fact it is singular 
at least on a half line, the so called Dirac string. More mathematically speaking, the Bianchi 
identity of the field strength tensor is no longer satisfied and thus it cannot be exact globally 
anymore. The presence of such a Dirac string, although classically meaningless, can be probed by 
a Bohm-Aharonov experiment. Moving an electron around this string and demanding its wave 
function to be single valued imposes the famous Dirac quantization condition on the product of 
the two charges: 

ge = 2Tm, (71) 

where n is some arbitrary integer. It offers an explanation for charge quantization, even if only 
by postulating objects yet unobserved. Another way of deriving it |^ is finding that the vector 
potentials defined on different parts of a sphere around the magnetic charge can only be matched 
together on the whole sphere up to gauge transformations 

A^^A^ + d^x (72) 

in the overlapping regions, where x is only defined modulo iirg, while the transition function 
exp(iex) should be defined uniquely. For n> 1 the Dirac condition tells us that one of the two 
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charges is obviously larger than 1 and therefore naiv perturbation theory as an expansion in this 
parameter impossible. The apparent symmetries of this generalized setting of electromagnetism 
allow an electromagnetic duality interchanging the electric and magnetic fields like in (^9|) and 
simultaneously the two currents <-> jf^^ and thereby linking the perturbative and non pertur- 
bative regimes. This might be thought of as the most simple case of S-duality. 

We shall pursue this idea further by inspecting classical Yang-Mills gauge theory which will 
then be embedded in its supersymmetric extension. The challenge to find an exact solution to a 
phcnomenologically interesting classical field theory, that exhibits properties of a particle, i.e. has 
local support in space and is constant in time, was solved by the t'Hooft-Polyakov ^ solution 
of the SU{2) Yang-Mills-Higgs (or Georgi-Glashow) model. Such solutions are called solitons and 
they carry properties of monopoles. The basic idea is to embed the electromagnetic U{1) gauge 
group in a larger simple group which is spontaneously broken to single out the electromagnetic 
[/(I) as unbroken symmetry, but now with charge quantization necessarily implicit. The model 
is constructed from the Lagrangian 

£ = -itr _^ izJ^^'^L'^^" - y($), (73) 

where the gauge field and the scalar Higgs field <i>° take their values in the adjoint repre- 
sentation of the SU{2) gauge group. The potential of the Higgs field is assumed to create a 
non-vanishing expectation value alike the double well potential. The derivation of the equations 
of motion and the energy momentum tensor is straightforward, the former are 

(D.D'^^r - (74) 
and the latter comes out in the symmetrized version: 

From its time component one can read off the energy density and realizes that the classical 
vacuum has a constant Higgs field with vacuum expectation value given by the minimum of the 
potential. Choosing 

F($) = (76) 

this is = v"^ . The constant Higgs field leaves only a smaller gauge group U{1) of rotations 

around the direction of its expectation value intact and the manifold of degenerate vacua (the 
coset space) is topologically equivalent to a sphere: 

A4vac - SU{2)/U{1) ~ 5^ (77) 

Any solution to the field equations that wants to have finite energy must locally look like a vacuum 
field configuration at spatial infinity. Therefore at large r any Higgs field has to obtain the vacuum 
value <i)°<i)° = v'^. This relation defines the sphere A4vac in the isospin space, whose points are 
connected by gauge transformations of the coset group, rotations in that space. Thereby the 
asymptotic value of the Higgs field induces a mapping of the spatial infinity S"^ onto the set 
of degenerate vacua 5*^, which can be characterized by its integer winding number n and is an 
element of the second homotopy class of S*^: 

7r2 {S^) - Z. (78) 

The constant Higgs field belongs to n = 0, but we shall also find solutions to the field equations 
with finite energy that have non- vanishing winding number. We construct the concrete form 
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of such a vector potential leading to a monopole solution by demanding the energy density to 
be decreasing faster than l/r^ when r ^ oo to obtain a finite total energy. Consequently the 
covariant derivative of the Higgs field has to decrease faster than 1/r and from 

9^$'' + ee"'"=A^$'= ^ faster than 1 /r (79) 

one can find the most general expression for the gauge potential 

Al = — ^^e'''"^^^^.*" + (80) 

with some arbitrary smooth A^. The corresponding field strength points into the direction of the 
Higgs field: 

V \ ev-^ J 

Integrating the field equations over the transverse space we then find the magnetic charge of the 
monopole being proportional to the winding number n of the Higgs field around the sphere at 
radial infinity 



9 = 



4 / e^'^Fjkdx, [ dx, = — , (82) 

2 Js2 2ev^ Js2 ' e 



which explains its being called a topological charge in contrast to the electric Noether charge. 
The Dirac quantization condition is thus reproduced up to a factor 1/2, which is due to the fact, 
that the fermions we could possibly add into the model were half integer charged, as they were to 
lie in the fundamental representation of the SU(2). That two seemingly very different arguments 
reproduced the same quantization condition can be traced back to the topological statement that 

7T2{SU{2)/U{l))^ni{U{l)). (83) 

The lefthandside of the equation gives the range of winding numbers for the Higgs, whereas the 
righthandside is the possible number of windings of the electromagnetic gauge field x around the 
Dirac string. In the latter case we had to plug in the source term by hand to spoil the Bianchi 
identity, in the former case this is achieved by the winding of the Higgs field automatically. 

The general solution for the electromagnetic potential allows a very special and symmetric 
choice [ p6[ . On the one hand the field configurations can neither be gauge invariant under the 
full SU{2) nor be invariant under the 5*0(3) of spatial rotations because of the spontaneous 
symmetry breaking and the non trivial behaviour of the Higgs field at radial infinity. On the 
other hand any spatial rotation can be accompanied by an appropriate gauge transformation to 
cancel the variation of the fields, as the angular dependence of the Higgs field at radial infinity is 
locally pure gauge. Such we can have solutions which are invariant under simultaneous rotations 
and gauge transformations. The arbitrariness that remains can be summarized in the according 
ansatz 

= —H{ver), 
er 

A1 = -^1±{\-K{yer)), 
J er 

A% - 0, (84) 

where r" is the radial unit vector in the isospin space and in the Minkowski space. To render 
charge and mass finite one has to impose boundary conditions on i?(r) and K(r) that allow 
finite results for the integrated energy-momentum tensor as well as for the integration of the field 
equation of the electromagnetic field. Defining mass and charge by such integrals over spatial 
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regions in the usual manner one can derive the BPS (Bogomolny-Prasad-Sommerfield) bound on 
the lowest possible mass of a monopole: 



M,n > vg (85) 

with equality if and only if V{^) = 0. (Note as an aside that extremal Reissner-Nordstrom 
black holes are indeed BPS saturated.) We shall later see that from the point of view of the 
supersymmetric extension of this model the states that satisfy the equality are very special. In 
this case the equations of motion can be translated into the differential (Bogomolny) equations 
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^ -K{x)H{x), x^^ = H{x)-(K{xf~l) (86) 
dx dx 

which are solved according to the relevant boundary conditions by 

H{x]^xcoth{x)-l, K(x)^ — jVr- (87) 

smh(a;) 

Plotting the two functions, one immediately realizes how they generalize the well known onedi- 
mensional (topologically charged) "kink" solution. Substituting back one finds that these mono- 
poles satisfy the BPS mass bound with equality holding as well as the Dirac charge quantization 
condition with minimal winding number (topological charge) An = eg, so that we are tempted to 
think of them as being the elementary magnetic charges, stable per definition, if charge conser- 
vation holds. It was also noticed that the same Yang-Mills-Higgs model can have solutions that 
carry both electric and magnetic charges [^. If one also allows for the topological term 

^ ^ >C - ^ *F^.F'^'' (88) 

to be present, where the star marks the Hodge dual, their magnetic charge can be related to the 
0-angle, the imaginary part of the gauge coupling [ p9[ . This term is proportional to the instanton 
number, it violates parity and locally it can be written as a total derivative. Globally it might 
lead to an additional violation of the Bianchi identity and an extra boundary term in the field 
equation, modifying the electric charge of the state. Together we have then got two topological 
charges, the winding rie of the gauge field and the winding n„i of the Higgs field, enough to 
have dyonic states carrying both types of charges. The Dirac condition and the BPS bound are 
modified to be 

q rin^B 

- = n„- 



e " 27r ' 

^Ayon > (89) 

where rim is related to the magnetic charge g of the dyon by the former Dirac condition, while 
q is the electric charge of the dyon, now no longer being quantized in integer units of e. The 
above discussion was a little sketchy and the situation appears to have become more complicated 
than before introducing dyons. We shall return to it from another point of view after looking at 
supersymmetric extensions of the model. But now already we can address the issue of duality 
that had been conjectured by Montonen and Olive |3^. They observed that in the model we 
considered not only the dyonic charges saturate the BPS bound but also the perturbative degrees 
of freedom, i.e. the massive gauge bosons, the remaining massless photon and also the Higgs 
field. Also they found that monopoles do not excert any force onto each other by a cancellation 
of attraction and repulsion, mediated by the Higgs and gauge boson exchange respectively. This 
lead to the assumption that there might be some kind of mapping from the perturbatively light 
fields onto the non perturbative dyon spectrum acting in some unknown way on the moduli space 
spanned by the vacuum expectation value of the Higgs and the couplings, which could be figured 
to be a symmetry of the theory, a duality. Montonen and Olive conjectured that there could exist 
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an entire charge lattice of states which were to be permuted by duahty transformations. For the 
sake of charge conservation these have to map the lattice onto itself and they therefore found 
the most natural form of the duality to be an S'L(2,Z) group acting on the point lattice in the 
complex plane. Thus the duality has been called S'-duality, as well as its generalization in string 
theory, already mentioned in previous chapters. A couple of unanswered questions remained, 
among them the problems that quantum corrections should be expected to modify the classical 
potential and spectrum considerably and further that it was not possible to match the dyons 
and the perturbative fields together into multiplets of the Lorentz group. The most important 
progress in these issues was achieved in supersymmetric models. 



3.1.3 BPS states 

The success in identifying dualities in supersymmetric gauge theories |]3^ has been very impres- 
sive over the last couple of years. In gauge theories with one supersymmetry {Af — 1) Seiberg 
discovered dualities between the large distance (IR) behaviour of electric and magnetic versions 
of the same theory ||3l| . The most prominent example of all is the treatment oi Af — 2 extended 
supersymmetric models by Seiberg and Witten that allowed to compute the spectrum of the 
theory with gauge group SU (2) exactly and identified the condensation of monopoles as a mech- 
anism of quark confinement js^, . The solution of the theory also involved a duality, when the 
gauge symmetry had been broken spontaneously to leave only a single gauge boson massless, i.e. 
there exists a version of S-duality on the Coulomb branch of the moduli space. Much earlier it 
had already been found that the amount of supersymmetry necessary to implement the S-duality 
in its full conjectured extent is even larger and that only A/" = 4 supersymmetric Yang-Mills 
(SYM) theory would allow the dyons and the gauge bosons to sit in the same representations of 
the Lorentz group |3^. So let us briefly discuss the way topological charges are introduced in 
supersymmetric gauge theories and stress the particular role that is being played by states that 
saturate the BPS bound. 



The most general algebra of J\f supercharges that can be constructed in d = 4 dimensions is 
given by (two component Weyl formalism): 

{Ql,Q'^} = ^a^v^'- (90) 

where i,j label the different supercharges, a,/3,d,/3 =1,2 the spinor components and C = 70 is 
the charge conjugation matrix, P'^ the momentum operator, = and V^^ — —V^"^ being 

called central charges. The are the generators of the supersymmetry and their conjugation 
is defined by 

Q^^^{C^pQ^^)\ (91) 

Applied to the fields of a given theory they generate the minimal field content of the super- 
symmetrized version of that theory. They carry a representation of the Lorentz group 50(3, 1) 
as well as of some internal symmetry that acts on the supercharges. In the absence of central 
charges the algebra simplifies and we can easily find its representation in terms of a physical, 
i.e. supersymmetric, multiplet of states. In the case of a massless multiplet (P^ = 0) we can 
choose the Lorentz frame in which P** — {E,0,0,E) and look for a representation of the little 
group SO{2) that leaves P'' invariant, which can afterwards be promoted to a representation of 
the full Lorentz algebra by application of the boost operators. (Supersymmetry transformations 
and boosts commute.) Thus we obtain the simplified algebra 

{QL,Q'^}-4£;<5^^( !) {Ql,Q'p} = o, {Ql,Q^ = o. (92) 
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Obviously the upper components anticonimute and by the usual positive norm argument they 
have to annihilate the physical Hilbert space, thus they are trivially represented. In other words: 
Massless states leave half of the supersymmetry unbroken. The lower components form a Clif- 
ford algebra and act as raising and lowering operators of the helicity operator, the generator of 
rotations around the direction of . They create an antisymmetric tensor representation of the 
internal U{J\f) symmetry from a given state of lowest helicity s: 

|P^5), -l^iQ'-)*\p^,s), ±(Q^^yiQiy\P^,s),... (93) 

The series terminates after application of J\f raising operators, which in the case of J\f — I gives 
a spectrum consisting only of two kinds of fields. We shall only be interested in multiplets that 
contain no higher spin than s = 1. The possibilities we are then left with are two complex scalars 
and a single fermion (chiral multiplet) or a fermion with a vector (vector multiplet), while in 
J\f ^ 2 one could have a vector with a complex scalar and two fermions (vector multiplet) or two 
fermions with two complex scalars (hypermultiplet) , counting always on-shell degrees of freedom 
after eliminating auxiliary fields. Multiplets with s < 1 that involve more massless fields can 
always be reduced to tensor products of these irreducible representations. Such multiplets can 
be thought of as the minimal field content a supersymmetric theory has to contain. 

We do not intend to look at the case of massive fields explicitly as the situation gets more 
complicated and we shall not be interested in the massive fields with vanishing central charges in 
the later discussion. One gets aware at once that the matrix of the supercharge anticommutator 
has no vanishing eigenvalues anymore and all supercharges have to be represented non trivially. 
The shortest possible multiplets get very much longer than the massless multiplets above, their 
internal symmetry is found to be U Sp(2M) . A general classification can be found in the standard 



literature 1 35 , a very recent review of this and some of the following is ||36| 



We now also allow central charges in the superalgebra, which implies JV > I, then look for 
the short multiplets as before and will find them to be BPS saturated. Therefore we take massive 
states with rest frame momentum = (m, 0, 0, 0) whose superalgebra is 

{Qa,Q'p} = ^c^U^', 

{Ql,Q'^} = ^^.^V^'- (94) 

By using the mentioned internal symmetry one can redefine the supercharges in a way that 
combines the former ones into chiral components and allows to diagonalize the right hand side 
of the anticommutator with eigenvalues Zi (no summation): 

{Qr,(Qr)^} = 2(m + Z,)<5^-'"<5„^, (95) 

By the positive definiteness of the operator (9^(Qa^)^ (again no summation) we immediately get 
the BPS bound on the eigenvalues of the central charge matrix: Zi < m. Also we can identify the 
short or BPS multiplets that correspond to the massless multiplets in the case of vanishing central 
charges. They are created when all the eigenvalues saturate the bound: Zi — m. Generally the 
multiplets contain less and less states when more and more eigenvalues satisfy this relation, as 
more supercharges get represented trivially then. These states are of great importance as they 
are believed to be not affected (at least not too much) by renormalization, when the classical 
supersymmetric theory is taken to be the bare Lagrangian of a quantum field theory. One then 
generally expects that the procedure of renormalization might change some or all parameters 
of the theory, floating into some fixed point of the renormalization group and thus spoiling all 
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the results of classical analysis which we dealt with so far. On the other hand if nothing very 
dramatic happens and all parameters vary sufficiently smoothly, the number of physical fields 
should remain unchanged. More precisely stated, if charge and mass are coefficients of relevant 
or marginal operators in a Lagrangian that is at the foundation of a quantum theory, for BPS 
states their values should after renormalization still coincide if supersymmetry is present and the 
number of fields unchanged. In contrast to the coefficients of irrelevant operators the renormal- 
ized values of such parameters are not determined by renormalization alone but have to be fixed 
by an experiment. A natural value is assumed to be of the order of the quantum corrections, 
but in principle any value can be obtained by adjusting the bare parameters order by order in 
perturbation theory as desired. In supersymmetric field theories there often occurs a cancellation 
of perturbative or even all quantum corrections, which then renders the protected parameter to 
be a free modulus of the theory, exactly determined by its bare value. (At least the potential 
of any supersymmetric field theory is not affected by perturbative quantum corections.) This 
is also the reason why we can imagine consistently to vary the string coupling from strong to 
weak by changing its bare value, which is the only free modulus of string theory. Because of such 
reasoning one hopes that once the BPS states are identified in the classical approximation of some 
supersymmetric theory, i.e. the lowest order of its perturbative expansion, they should exist also 
in the non perturbative, large coupling sector of the moduli space. Establishing duality relations 
between perturbative and non perturbative sectors of theories very much relies on comparing 
the BPS spectra of both theories in the respective domain. There is in fact a case in which the 
duality argument can be made rigorous. This is the maximal AA = 4 supersymmetric extension of 
Yang-Mills theory which we already mentioned earlier to be the only SYM theory that provides 
the correct multiplets to have full Montonen-Olive S-duality implemented |Q. This theory is 
also conformally invariant and has all its /3-functions vanishing exactly, so that BPS states in- 
deed remain unaffected by renormalization even if non perturbative effects are taken into account. 

We now return to our previous subject of monopoles and dyons in the Georgi-Glashow model 
and relate central charges of the superalgebra of its J\f — 2 supersymmetric extension to topolog- 
ical charges of solitonic solutions of the field equations . The Lagrangian of the SYM theory 
that includes the former model 

1 1 ^ - 

+ ^g^TT[^i,^2f + ^ige,,TT{[^,,^,] $i -I- ['I',, 75*,] $2) (96) 

contains a single Af — 2 vector multiplet (a vector gauge boson with field strength F^^, two 
fermions ^E"", a scalar $J and a pseudo-scalar $2) i^i the adjoint representation of the gauge 
group. If one computes the variations of the supersymmetry transformations in terms of the 
fields and keeps track of all boundary terms, one finds that the supersymmetry only holds up to 
the boundary terms 

V = j d^xd^l^l^e'^'^Fajk + nF^a^- (97) 

These are the generalizations of the topological charges given by the winding of Higgs and gauge 
field of the former model. If non vanishing they demand to implement central charges U and V 
into the superalgebra: 

{QL,Q'^} = e'^^ea/5{/, {Ql,Q'^} = e''e^i^- (98) 

Thus the numerical values of the central charges are equal to the topological charges in the 
SYM theory, which in the non supersymmetric case we identified with the electric and magnetic 
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charges of the classical monopole solutions. BPS monopoles are then special solutions that 
also saturate the BPS bound and which are annihilated by one half of the supercharges. In 
other words the presence of a BPS monopole somewhere in the universe can be thought of as 
a topological non trivial modification of the vacuum that imposes certain boundary conditions 
on the fields at infinity and breaks half of the supersymmetry by these conditions. The other 
half of the superalgebra acts on the monopole state by creation of fermionic solutions to the 
field equations (Dirac equations) in this background. The space of these fermionic zero-modes is 
parametrized by the moduli of the monopole solution, its position and charges, i.e. the number 
of fermionic zero-modes in the monopole background is related to the dimension of the moduli 
space of the monopole. All the states saturating the BPS mass bound we have been discussing 
so far, Reissner-Nordstrom extremal black holes and Prasad-Sommerfield monopoles, can be 
embedded in supersymmetric theories to yield BPS states. While we only deduced their properties 
and existence from classical analysis, the supersymmetry is assumed to protect them against 
renormalization by quantum effects, so that they remain BPS multiplets. In this sense classical 
arguments are extrapolated towards quantum exactness. Reviews of the whole material can also 
be found in H, |§. 

3.2 Solitons in string theory 

In analogy to solutions to classical field equations of the previous chapter we shall now discuss 
solitonic BPS objects in string theory. In the following sections we shall find two similar but 
not completely identical types of candidates for such states, solitonic p-branes and D(irichlct)- 
branes. We would like to point out some of their differences and similarities. We will start with 
an introduction into the way how the calculus of differential forms allows to deduce the possible 
spatial dimension of charged objects in string theory on the grounds of the ranks of the tensor 
fields occurring in the low energy effective action, the supergravity theories in ten dimensions. 
These objects will then first be established classically as p-branes, solutions of the supergravity 
field equations, that only depend on a subset of the coordinates. They are interpreted as higher 
dimensional monopoles and black holes, as they are sources for the generalized electromagnetic 
tensor fields as well as for the gravitational metric field, that are extended in spatial directions also. 
Integrating the dual electromagnetic field strengths over the space transverse to the worldvolume 
of the branes then allows to introduce the notion of non perturbative, topological charges into 
the theory. The second type of states, the D-branes, have been reviewed as defects of space-time 
which have (perturbative) open string world sheets ending on them. By indirect arguing many 
indications have been found, that they are intermediate states between perturbative excitations 
and solitonic p-branes, that share many properties of the latter. In addition to their being classical 
solutions of the effective supergravity theory they further provide us with a prescription of how to 
handle their perturbative degrees of freedom via the open strings ending on them, which by the 
continuity of BPS states can be traced back into the strongly coupled non perturbative regime. 
This is the key to a perturbative quantum description of strongly coupled string phenomena. We 
shall find an example of such methods in the treatment of black holes. 

3.2.1 Extended charges as sources of tensor fields 

In this introductory section we first explain the necessary mathematics to generalize classical 
electromagnetism to higher dimensions, i.e. the calculus of differential forms Taking 
the entries of the field strength tensor F'^" of the usual Maxwell theory as coefficients of the 
2-form 

F = 2dA = d[^A^]dx'' A dx" = F^^dx^" A dx" (99) 

and the current j'' correspondingly as a 1-form jc = j'^dXf^ we can rewrite the inhomogeneous 
part of Maxwell's equations 

d*F^ %, *F^, = ^e^.p^F'"' (100) 
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and represent the electric charge inside some spatial region by the integral of the field equation 
over the transverse space M 



dM 



(101) 



M 



using Stoke's theorem. The homogeneous part of Maxwell's equations becomes the Bianchi 
identity dF — 0. The dualized set of equations including the magnetic current is then given by 
adding ad hoc a term to the field strength, that is not closed, but its Hodge dual is, thus spoiling 
the Bianchi identity, but not modifying the electric charge definition: 



The magnetic charge becomes 



F ~* F ^ 2dA + uj, 
d*F ^ *je, dF^dcu^j^ 



9^ lF = I Js- 

IdM Jm 



The gauge freedom corresponds to adding an exact form to the 1-form potential: 

A + dA. 

All these statements can easily be generalized to differential forms of higher degree: 



(102) 
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potential: 
gauge freedom: 
field strength: 

electric charge: 
magnetic charge: 



^(P+i) ^A^,...^^^,dx''' A...Adx^'-+\ 

pip+2) = (p + 2) dA^P+^\ 



(d-p-i) 



M 



9= I Jt'^- 

IM 



(105) 



One finds that in general jg is a (p + 3)-form, if the electric charge is an object extending into 
Pa = p space dimensions, while the dual magnetic charge lives in pi„ = d — A — pc dimensions. In 
the classical d = 4 Maxwell theory we had of course pc = pm = 0. From this generalized setting 
the Dirac quantization condition for the product of the two charges can be retained unchanged 
as in the dualized Maxwell theory. In a Bohm-Aharonov experiment one would have to move 
extended objects around extended singularities and the magnetic potential integrated over non 
trivial cycles around its singularities leads to a magnetic charge quantized by exactly the same 
formula (ItJ) in integer units of the inverse electric charge times 27r. 



Thus we have found a rule that allows to deduce from the rank of some antisymmetric tensor 
field, rewritten in the language of a differential form of same degree, the spatial dimension of the 
corresponding charge that is the source of the generalized electromagnetic field corresponding to 
that tensor field. As well this charge is quantized in analogy to Dirac's condition. We are now 
in the position to discuss the dimensionality of the charges we do expect in the various string 
models by inspecting their bosonic field contents, summarized in table |^. Some comments are 
necessary which will become clear only in the next sections to follow. The universal NSNS sector 
is common to both heterotic, the IIA and the IIB model. Its 2-form potential couples to the 
respective fundamental string itself, i.e. the world sheet coordinates of the string couple to the 
space time antisymmetric tensor, as usual in the a-model approach. The solitonic object of this 
sector is the NS-5-brane, solitonic in the sense of a p-brane as found in the universal bosonic 
sector of d = 10 supergravity. It is the magnetic dual of the string and couples magnetically 
to the NSNS 3-form field strength. All other charged states listed in the table come from the 
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Table 4: Forms and charges in various string models 



Model Potential Field Strength pc Pm 
Universal NSNS sector: 

Heterotic, IIA, IIB B^^) F^^) 1 (fundamental string) 5 (NS-5-brane) 

RR sector: 

IIA (D-Particle) 6 

2 4 

IIB A(o) -1 (D-Instanton) 7 

1 (D-String) 5 

(self-dual) A^^) F^^) 3 3 

M-theory (d = 11) A'-^'> F^'') 2 (Membrane) 5 



RR sector, they are assumed to be realized as D-branes. These are string solitons which can 
perturbatively be described by open strings with Dirichlet boundary conditions and have an in- 
terpretation as p-branes in the low energy approximation by supergravity. The meaning of these 
statements will be explored in the following sections. All these states are related by several kinds 
of (conjectured) duality transformations that also connect the perturbative and non perturbative 
degrees of freedom. Particularly the fundamental string and the NS-5-brane of the universal IIB 
sector are related to the Dl-brane, the so called D-String, and the D5-brane of the RR sector of 
the IIB model via S-duality. The 3-branes of the IIB are selfdual, referring to the selfdual field 
strength tensor F'--^^ — *F'^^^ of that theory and the (-l)-brane is apparently an object local in 
space and time and therefore usually adressed as an instanton. All these states can be identified 
as states arising in some particular compactification of states known from d = 11 M-theory, which 
we shall turn to in the final chapter. 



3.2.2 Solutions of the supergravity field equations: p-branes 

The next task will be to derive solutions to the low energy field equations of string theory 
pO| , |4^ , Q. These describe the various fields whose sources are multidimensional objects that 
carry mass and charges corresponding to the various field strengths. We use the field equation of 
the effective theory, supergravity in d = 10 dimensions, to find solitonic states that display finite 
action. Their support in space has to be localized and all fields must decrease fast enough at 
infinity but possibly with non trivial winding. Thereby we always focus on the bosonic degrees of 
freedom, taking the fcrmionic fields then given automatically by supersymmetry. The massless 
bosonic fields of the string spectra are the graviton G^i/ , the antisymmetric tensor field Bf^^, with 
3-form field strength and the dilaton <& from the universal sector, as well as the various 
potentials or their field strengths F^^^^^ from the IIA and IIB RR sectors. Their effective action 
is dictated by the according supergravity theory: 

^eff = ^ / d''x (^R (G^) - iv^W^* - ^^"''^''"■■''"^M. -M. j - (106) 

here written in the so called Einstein frame and all topological Chern-Simons terms being dropped. 
In the universal sector we have a = — 1, n = 3 while in the Ramond sectors a — (5 — n)/2 and 
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n runs over the relevant form degrees. When commenting on the n = 5 case we shall eventually 
ignore the problem that no consistent action for the self-dual 5-form is known so far. The action 
( |106D can be rephrased into the cr-model (or string) frame by a Weyl rescaling 

G^.-G>*/2^G^,, (107) 

which results in: 

5-^1 ^ 7^ f d^°x fe-^* (r (G") + 4V^$V''$ - ^F'^'^pF^, 



-Ei^""'""^M.-.A (108) 

n ' I 

the sum now only running over the Ramond fields, of course. The latter form can also directly 
be derived as a low energy effective action of string theory using the formalism of world sheet 
cr-models. An important thing to notice is, that the dilaton has obtained a universal coupling to 
all fields of the universal sector but decouples from the fields of the RR sector. Thus we expect 
to get different dependences of masses and charges on the string coupling (exp (<&)) for branes 
originating from tensor fields of the different sectors. The masses of the branes coupling to NSNS 
fields should be expected to behave like gg"^, while those from the RR sector will interpolate 
between g^"^ and gg. To avoid certain difhculties and for the sake of brevity we now take the 
somewhat simpler type of Einstein action 



^eff ^^Jd'^ [r"" - iv^V^cl, _ J-e'^^F^^^-^^'^F^,..., 

keeping only a single tensor field and derive the various equations of motion: 



(109) 



R^ — i(9 $5 <i> + 5* 

S = I e""^ ( F p pi-Pr^-i ~ ^ F^fjF. 

- 2{n-\)\ l^^A'Pi-P-i^- n(d-2) '"-y 

d,,d^^ - T^e"*^'- (110) 
2n! 

The first one is a generalized Einstein equation, the third one the vacuum Maxwell equation 
and the last one describes a Klein-Gordon field coupling somehow to electromagnetism. Later 
on we shall have to add a source term into the action to get non trivial solutions. This will 
lead to additional delta function like, singular sources on the right hand side of the equations 
of motion. To make an ansatz, we now split the coordinates into the a;^, = 0, on a 
(p + f = n — f )-dimensional hyperplane which is taken to contain the charged object and the 
transverse spatial directions Um, M — p + 1, ...,d ~ 1. We then demand usual Poincare P(l,p) 
invariance in the first p + 1 coordinates, the worldvolume of the brane, and isotropy, SO{d—p— 1) 
invariance, in the rest of space to be satisfied by the solution. All the fields necessarily have to 
be independent of the internal coordinates because of translation invariance. We also need 
to determine the amount of supersymmetry that is left unbroken by the ansatz. Therefore we 
have to look for the decomposition of the tendimensional Poincare invariant supercharges into 
{p+ 1) and (d — p— l)-dimensional spinors, themselves invariant under the demanded space-time 
symmetries. For c? = 10 it is found that the tendimensional chirality condition (1 — rii)eio = 
implies that also 

(1 - r(p+2))e(p+i) = 0, (1 - r(io-p))e(9_p) = 0, (111) 

where r(£)_|_i) = Fq • . . . • T(^£,-i) is the respective chirality operator and eu an arbitrary invariant 
spinor in the D dimensional subspaces. By inspecting the eigenvalues of these F matrices one 
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finds that for the cases we consider one half of the supersymmetry is broken by the brane ansatz, 
which indicates that we might be dealing with a BPS state. In fact it is possible to go the other 
way round and construct the solutions we shall uncover by just their property of breaking exactly 
one half of the supersymmetry p[ . Splitting off the metric according to the ansatz we can always 
write it 

dsl = e^^^'^Ux^dx'' + e^^^'-UyMdy^^, (112) 



where both contractions of indices only involve flat metrics and r = y^yny^ is the radial distance 
in the space orthogonal to the brane. The ansatz for the metric obviously respects Lorentz and 
translation invariance on the brane and also rotation invariance in the transverse directions. 
For the field strength tensor there are two different choices one can think of, as we have the 
two options to construct the electric charge from the field strength tensor itself or the magnetic 
charge from its dual, such that one has the two options: 

^Mp2.../^„ = eM2...At„5Afe'^(''\ 

yM 

^Mi-.-Mn - 9 <^Mt...Mf,M-p^- (113) 

The form degrees are related by n = c? — n, as both field strengths are Hodge dual in the d- 
dimensional space-time. This completes the ansatz. It of course remains to be verified that 
charge and mass of these states take finite values. We now omit lots of technical details which 



can be found for instance in |40, kSl. Finally one can reduce the three undefined functions to a 



single one and a couple of parameters, related by: 



e*W ^ H{r)Tk. (114) 

The remaining function H{r) is harmonic in the transverse space, i.e. obeys the Laplace equation: 

6NMd^d^'H{r) = 0. (115) 

Only if we add a source on the right hand side of this equation, we get non trivial solutions for 
H{r), as integrable, globally harmonic functions necessarily vanish. Adding a source that only 
has support on the volume of the brane, a (p + l)-dimensional charged current, now corresponds 
to turning the Laplace equation into a Poisson equation . An explicit form for such a current 
will be discussed later. The solution for H(r) with a brane at the transverse origin can then be 
written 



the parameters being given by: 

A = a2 

c = 



H{r) = l + a/r'^, a > 0, (116) 
2(p + l)d 



d-2 ' 
+ 1 for electric solutions 
— 1 for magnetic solutions ' 

d = d-p-S. (117) 
In the magnetic case the integration constant a is related to the magnetic charge parameter: 

a=^^-^, 118) 
2d 
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while in the electric case it is fixed by the charge parameter of the source terms in the action. 
In analogy to the definition of charges in electromagnetism we can integrate the field strength 
{p + 2)-form over a surface that encapsulates the p-brane and obtain the charge of an object 
that has a (p + l)-dimensional worldvolume. This charge is the source of the metric field in the 
transverse directions, as well as of the tensor field. Only in the case of a 1-brane we know the 
proper quantum theory of the desired object, which is simply the fundamental string. Taking 



this example one can add a source term into the action (108) which has only support on a two 
dimensional submanifold of space-time and whose action there is given by the cr-model action of 
string theory: 



S --^ 



J (yhh°'>^daX''d0X''Gf,^ + £°''^daX''dpX"B^^ - 2na'Vhm^ . (119) 



All the analysis can be carried out with the only exception that delta function source terms 
appear on the right hand side of the field equations. This is interpreted in the following way: 
The fundamental, microscopic string is the source of a macroscopic field configuration, the 1-brane 
solution of the low energy approximation to string theory. The fields that appear in the world 
sheet theory as the massless modes of the string are now (in the worldvolume theory) organized 
in supergravity multiplets and their source is the twodimensional string again. Its electric charge 
under the tensor field is given by integrating the field equation 

-']>{r) 



esT = ^= / e-*^'-^ *F{r) = V2k^T2. (120) 

The mass of this 1-brane is defined by the integral over the time component of the energy momen- 
tum tensor, which can also be calculated from the cr-model source and for the given solution is 
found to saturate the BPS bound, it is equal to the charge of the brane. Despite from this case it 
is an open question what "material" branes are made of in general. We can interpret the 1-brane 
as the solution coming from the string and the NS-5-brane as its d — 4 — 1 = 5 dimensional mag- 
netic dual. For the rest of the p-brane solutions one has no elementary particles at hand. Only 
by the discovery of Polchinski it became plausible that the desired objects are related to D-branes. 

Let us now point out an aspect of duality in the brane picture. The electric and magnetic 
p-brane solutions we have found correspond to a particle like state, which is the source of the 
electric field strength tensor F'^"^ as well as a solitonic object, the source for the magnetic dual 
field *F^'^~"\ This setting allows a notion of duality in the sense that starting from the dual 
tensor in the original action and splitting coordinates accordingly would have interchanged the 
role of the two charges. In other words, calling the n — 2 dimensional state the elmentary and the 
d—2 — n dimensional the solitonic one is a matter of convention as long as we do not decide which 
field strength is to be called fundamental. Thus the NS-5-brane might be as fundamental as the 
string itself, though we cannot say very much concerning its quantum theory, which is supposed 
to be given by a quantization of its coordinates in the spirit of the Polyakov action approach to 
string theory. From computing its (topological) charge by using the magnetic dual tensor field 
one can deduce the generalized Dirac quantization condition from a Bohm-Aharonov experiment 

2k^T2Tq = 27rn, (121) 

where Tg is the tension of the 5-brane. 



We can summarize that we found solutions to classical low energy effective string theory, that 
are extended and carry mass and charge under the various tensor fields. Their particular values 
saturate the BPS bound and this allows us to strongly believe in the existence of these states also 
in the unknown quantum theory and further expect them not to be renormalized in a way that 
would spoil their being BPS saturated. The severe and in general unsolved problem remains: 
how to give a description of the quantum theory involving branes of higher dimension. 
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We next apply the solutions for the metric and the dilaton to various values for d and p to 
get some examples which we of course choose from the string spectra. The expressions for the 
field strengths are obtained as easy. For the fundamental string in d — 10, having a worldvolume 
of dimension 2 and correspondingly n — 3, the metric and the dilaton field read 



a 



-1/2 



= [1 + -, , (122) 



r 

an expression that appears to display singularities not completely unfamiliar from those found for 
the black hole solutions in general relativity. In fact there are "black brane" solutions that have 
horizons shielding their singularities. They are in many respects similar to higher dimensional 
black holes |^ and we shall eventually return to these examples when discussing black holes in 
string theory. For the NS-5-brane with n — 7 we get instead 

dsl = (l + ^j dxl+[l + -^j dylj, 



e* = (1 + ^1 . (123) 



a 



r 



1/2 



Comparing the solutions for the string and the NS-5-brane, the two regions of space-time, the 
brane and the transverse space appear exchanged. Also the coupling has been inverted, as 
supposed for the electric-magnetic duality of fundamental perturbative states and monopoles. 
Particularly for the self-dual 3-brane of the Ramond sector with n = 5 we get: 



9 / a\-l/2 „ / Q,xl/2 

„^ 111 \ I I 1 I \ J„,2 



e* = 1, (124) 



where there is no distinction between the two types of states, electric or magnetic. Finally the 
D5-brane metric differs only in the dependence of the dilaton from its S-dual, the NS-5-brane: 



e* = (l + ^) , (125) 



a 



r 



-1/2 



as the duality transformation exchanges perturbative and non perturbative states. In this sense 
the dualities of string theory are manifest in the supergravity brane solutions. S-duality is an 
involution of the IIB supergravity that can map the exponential of the dilaton to its inverse and 
leave the metric in the Einstein frame invariant. Thus the D5-brane gets mapped to the above 
NS-5-brane solution, while the fundamental string gets mapped to an object with 



e 



a 



1/2 



= [^ + ^) ' (126) 



and otherwise unchanged metric, which is just the Dl-brane solution. In a more general anal- 
ysis also T-duality can be recovered. After performing a dimensional reduction of IIA and IIB 
supergravity on a circle one finds a unique supergravity in c? = 9 that again allows an involution 
of its superalgebra and field content, in general exchanging the fields and charges that originate 
from IIA and IIB. Decompactifying afterwards, one recognizes that this entire transformation 
realizes the T-duality transformation which is known from the perturbative string theory and 
which maps odd dimensional IIB branes into even dimensional IIA branes and vice versa. This 
has to be discussed in the string frame, where any Dp-brane has 



-1/2 / X 1/2 

a \ . 9 / a ^ 



= (1 + ^) . (127) 
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Compactifying along the brane worldvolume now leads to a brane wrapped around the circle 
and the rank p + 1 of the tensor field coupling to the brane is effectively reduced by one. The 
involution of the ninedimensional supergravity next is of such nature that a tensor field of this 
kind is mapped to another one that already in the tendimensional theory had the lower rank 
p, so that after decompactifying we end up with a brane of one dimension less. On the other 
hand starting with a compactification in a direction transvers to the brane, the rank of the 
tensor field is unchanged at first and it is then being mapped to a tensor field that had originally 
higher rank, but lost an index during the compactification. By decompactifying the additional 
dimension opens up and the brane gains an extra dimension in the end. (This discussion is so far 
limited to the case of D-branes and has to be modified for NS-branes.) We shall be discussing the 
role of the (elevendimensional) superalgebra in M-theory later on, which reveals the particular 
importance of central charges for the existence of corresponding branes and should thereby make 
the above explanations also more transparent. 



3.2.3 D-branes as p-branes 

Another type of extended geometrical objects in string theory are the D-branes we discussed ear- 
lier. These have formerly been introduced as fixed hyperplanes in space-time, where open strings 
can end on. The necessity of their existence had already been demonstrated by T-duality 
when Polchinski found an interpretation | |4^ that allowed to view them as dynamical, charged 
objects that fiuctuate in shape and position and couple to the RR fields of the string world volume 
theory. This induced a tremendous amount of work on D-branes and related subjects which left 
very little doubt about the statement that D-branes are some sort of non perturbative states of 
string theory, relatives of the solitonic p-branes from the previous section. They have a perturba- 
tive description by open strings ending on them and their BPS nature conserves generic features 
of this in the non perturbative regime. There are numerous reviews of D-brane physics, only to 
mention |l^, so that we restrict ourselves to illustrate Polchinski's original computation 
of the tension and charge by regarding a scattering process of strings emitted from and absorbed 
by D-branes. 



We first show why the p-branes of the NSNS sector cannot be the sources of the RR fields. Let 
us recall the world sheet origin of the various fields that occur in the low energy effective string 
actions. In general the states are created by mode operators of the coordinate and spin fields 
subject to the constraints of superconformal invariance imposed by the super Virasoro operators. 
The space time fields are then given by the polarizations of such states, for a massless state in 
the universal NSNS sector e.g. 

\G^,,B^,, $, k^')NSNS = {G^,a^_^^a\ + B^.a^^^a^ + <^a^_^a'L^T^^ J) |0, k^')NSNS, (128) 

and their equations of motion express the restriction imposed by the constraints. For these NSNS 
fields the equations of motion can similarly be determined by the cr-model approach, which con- 



sists in taking the action (11£ ) with the coordinates coupling to the space-time fields as a quantum 
field theory of the coordinates in the usual sense. The space-time fields are coupling constants of 
this theory and conformal invariance implies the vanishing of all the /3-functions. These can be 
computed by standard methods in terms of the bare values of the space-time fields. Demanding 
them to vanish yields the equations of motion order by order in the cr-model loop expansion 
parameter a' . The one- loop result reproduces the equations known from the bosonic sector of 
d = 10 supergravity 

The fields of the RR sector on the other hand originate from the tensor product of the space 
time spinor fields Sa and Sa of the left and right moving sectors. Thus they are polarizations Hab 
which after expanding into gamma matrices look like: 

\H,,...,,^,k^^)RR - sl \ y/-H,,...,^ (r„r^i...M„)- ] Sb%k^)RR. (129) 
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To be more precise, the iJ's are the field strengths of the RR fields. Their equations of motion 
are derived by exploring the Dirac equations that come along with super Virasoro constraints 
as well as chirality conditions, while a corresponding cr-model, necessarily involving a coupling 
to the spin vertex, is not known. After rewriting the Lorentz tensors into differential forms the 
equations can be summarized by simply demanding the forms to be harmonic 

dH = d*H = 0, (130) 

which allows to introduce potentials. As we have seen earlier, the degree of the potential de- 
termines the dimension of the brane which it naturally couples to. Looking at the RR 3-form 
with 2-form potential, everything appears to be quite similar to the NSNS 3-form field strength, 
except that the latter couples to the coordinates of the world sheet, while the former couples to 
the spin field. But this crucial fact prohibits to interpret the fundamental closed string as the 
source of the RR fields. Assume a scattering process of an incoming and outgoing closed string 



with a vertex operator (129) of the RR field inserted. Because of the RR fields coupling only 
via their field strength to the world sheet, this amplitude always carries a power of the external 
momentum. While the diagram itself is to be interpreted as the coupling of the world volume 
tensor field to the macroscopic string, its zero momentum limit is the charge of the string under 
that field, which is vanishing. Therefore we are forced to conclude that the p-brane solutions of 
the supergravity field equations, which had fundamental strings as electric or magnetic sources, 
cannot be the states that carry the RR charges. There must be different elementary objects in 
string theory as RR charged fields. These may then have a low energy description as p-branes 
that are charged with respect to the RR field strengths. D-branes are of course thought to be 
the right choice. 

The observation of Polchinski now was the following. One computed the one-loop scattering 
amplitude of an open string in the vacuum but with Dirichlet boundary conditions at its ends 
(signaled by putting Lq instead of Lq). This can alternatively be seen as two D-branes of any 
type II model exchanging a closed string at tree level | ^ : 

(^|g-2.^(Lo+Lo-2)A|^^^^^^ ^ (0|e-2*(io"-i)|0)i.i„„p. (131) 

The length of the closed string is parametrized by 27r^/t — I, while the open string circling 
around the cylinder has the length t. The result for this matrix element included a contribution 
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Figure 7: Open string one-loop or closed string tree-level diagram 
of the RR fields of the closed string to the scattering amplitude, indicating a coupling of the RR 
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fields to the brane. One then compares this to the same tree level amplitude in the supergravity 
approximation to low energy type II string theory with a Dirichlet brane effective action added 
as a source of the fields and a Wess-Zumino coupling of the RR field to the coordinates of the 
brane. Comparing the leading order contributions that come from the dilaton, graviton and 
RR fields separately allowed to deduce the charge density and tension of the brane. In fact all 
contributions cancel ("no force rule") but apparently the D-branes feel a repulsion via RR fields. 
We first look at the string calculation of the open string one-loop vacuum diagram. In general 
one has to compute the path integral 

Z_ = j I " W icyl ^ 'd^X^dpX, 

+V'l5_^l + ^r5+Vr)V (132) 



The fields have to obey the appropriate boundary conditions, Dirichlet at the ends and periodicity 
or antiperiodicity around the cylinder. While we shall compute Zvac as the one-loop zero-point 
function of the open Dirichlet string, we could have alternatively called it the tree-level two- 
point function of two boundary states in closed string theory. What causes all the problems 
in computing such integrals is in particular the integration measure which has to be divided 
by the volume Vol of the local symmetry group of superconformal transformations and super 
Weyl rescalings. A mathematically more rigorous treatment can be found in [Q, we indicate 
the outcome here. First we split the (constant) zero-modes of the coordinate fields from the 
integration, which gives a prefactor equal to the (infinite) volume Ip+i '-'^ D-brane only, 
as constant shifts transverse to the brane are prohibited. (Remember that the centre of mass 
of the string also has to move on a hyperplane.) Then we can formally perform the Gaussian 
integrations 

^vac - Det-V. {-^^^^^ {V-hh-^d,)) DetV^ Det^^ f (133) 

apply the old "InDet^^^ = iTrln" trick as well as 



Ana' I V 47ra' 



ln(0)^-^°°| (e-*°-e-*), (134) 

which holds for any operator O with spectrum in the right half plane of positive real part, finally 
getting 

InZvac = l^p+iTr ^j^ . (135) 

Here the information about the oscillator spectrum has been translated into the degeneracy of 
the mass levels which are being summed over. We have included a factor of 2 for the possible 
orientations of the string and omitted the second term in ( |134|) demanding a different kind of 
regularization for the integral later on. (In unoriented type I theory the factor 2 is missing, but 
on the other hand one is forced by the orientifold projection only to consider pairs of branes 
at mirror positions, which in the end brings back the appropriate factor.) All the functional 
determinants and traces involved have to be performed on the right spaces and superspaces, such 
that all the difficulties in obeying constraints and boundary conditions have only been hidden 
away so far. The functional trace over the string spectrum consists of an integral over momenta 
k on the brane as well as a sum over all oscillator levels of spin and coordinate fields: 



dP+^k „ f dt 
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The mass M of a state is given by the formula ( ]52| ) and especially depends on the separation r of 
the branes. The knowledge of the discrete mass spectrum of the theory, that is gained from the 
oscillator expansion of the fields subject to the super Virasoro constraints, now allows to actually 
perform the sum over oscillators. The procedure for the spin fields is a little tedious as all allowed 
periodicity conditions for going around the cylinder (NS and R combinations or spin structures) 
have to be regarded. This can be found in the standard literature, e.g. chapter 9.4 of Q, and 
has been explicitly went through in ]5l| ]. The result can be written most easily using Jacobi 9 
and Dedekind -q functions: 



n2 



(139) 



The sum in the integrand is actually vanishing by some identity of functions but we can split off 
the two contributions that cancel each other and by their respective periodicity condition identify 
the RR (s = 4) and NSNS (s = 2,3) contributions separately. This implies that we reinterpret 
the open string 1-loop amplitude in terms of the tree-level closed string contributions. The poles 
of the amplitude arise from the UV region, i.e. small t, and such we expand the integrand around 
t = getting the leading contribution: 

s=2,3,4 ' V2; 

We define the propagator 

\d){x) = -]^ dt{2nt) e -J 
and write the final result 

InZ^ac = Vp+i{l - 1)2^(4^2^')'"''^(9-P)(^') + ■ (140) 

We can summarize the discussion in the following way: The force between D-branes due to the ex- 
change of dilaton, graviton and RR field vanishes by a cancellation of the attractive gravitational 
force and the repulsive electric force. This is completely analogous to the behaviour of magnetic 
monopoles in field theory, which do not excert any force on each other by a cancellation of Higgs 
and vector boson exchange. In particular the contribution of the RR field to the amplitude does 
not vanish. Therefore in the effective field theory the D-brane somehow couples to the RR fields 
and thus has to carry a corresponding charge. 

The leading contribution of the above string amplitude can also be computed in the low 
energy approximation to string theory, which corresponds to widely separated D-branes, large r 
or effectively small a' . We now demonstrate how this is done in the field theory that is given by 
the effective type II action for the bulk, an appropriate world volume action for the brane and 
a coupling term. This will allow to deduce the macroscopic charge density Pp and brane tension 
Tp. To decouple the dilaton and graviton propagators one can rewrite the effective action of type 
II supergravity in the Einstein frame: 

Note the abuse of notation that mixes forms and functions in the integrand and leads to some 
changes of signs compared to earlier notations but helps very much to keep notations short. In 
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a similar manner as was sketched above an effective action for open strings in the presence of a 
D-brane can be extracted from a proper cr-model 

S^s = Tp f dP+^^ e(3-P)*/V-det (G + B + 2to'F), (142) 

where Gy and Bij are the pullbacks of the metric and the antisymmetric NSNS tensor to the 
D-brane world volume and F^^^ — {p + 2)dA^-^'> is the field strength of the U{1) gauge potential 
^4^^^ that couples to the boundary of the open string. The world volume coupling constant Tp 
defines the string tension. The above action is taken as the effective action of the D-brane itself 
by noticing that the (perturbative) open strings ending on the brane effectively carry its degrees 
of freedom as they are the only perturbative manifestation of D-branes in string theory. Thus the 
low energy theory of D-branes is the perturbation theory of open strings with Dirichlet boundary 
conditions. Note that the dependence of the D-brane action on the dilaton differs from the type 
II effective action by a factor exp {{p — 3)<I>/4), which in the cr-model frame boils down to the 
difference between the dilaton dependence exp(— 2$) and exp(— $). Thus the effective string 
tensions of a D-brane and a p- brane differ by (exp ($)) = gg. This fact leads to the name half- 
solitons for D-branes. Further we add the natural electric coupling of the RR field to the brane 
volume (the puUback of the RR field onto the worldvolume of the brane): 

^c'ff^ = PP [ dP+'C C^o...f.M"' ■ ■ ■ dpC'- , (143) 

where the coupling constant pp is the charge density. Finally one substitutes the identity 

1 = -„) (144) 

into the D-brane action, where a is the coordinate of the D-brane in the transverse space, in order 
to integrate out the world sheet coordinates (static gauge) . Altogether we have got a field theory 
with an extended D-brane source for the NSNS fields and the RR tensor, whose propagation in 
the bulk of space-time is governed by type II supergravity. This theory might be ill defined as 
a quantum field theory but one can still extract the classical approximation by computing the 
tree level contributions to the two-point function of dilaton, graviton and RR field. Therefore we 
naively expand the functions of the fields to get all terms that are linear (sources) and quadratic 
(propagators) in the fields: 

Sl], + S?, + S^/ = Jd''. (^__L(^V^,?+l(rf$)V^^^(dG(''+i))') (145) 
+ E (tpS^'^'H^I- «.) (-^* + + PpC(P+i)<5(9-P)(a:^ - a,) + ■■)+■■■ . 

i=l,2 \ V / / 

By dropping all coupling and higher terms we restrict ourselves to those, which are relevant 
for the tree- level two-point functions. We only did not explicitly expand the metric field of the 
pure gravity Einstein-Hilbcrt part around a flat background and avoid a discussion of difficulties 
concerning gauge fixing of the gravitational action etc. In this form one can immediately read off 
the propagators and source terms and quite easily compute the three contributions to the total 
tree level amplitude. The steps are displayed in [19| and the result reads 

In Zvac - 2Vp+iK^ {pI - T^) A(9„p) (r^) , (146) 

which is compatible with the string result if 

holds. The RR charge density of the D-brane is equal to its tension, a version of the BPS 
mass bound. The modified Dirac quantization condition can be deduced from a Bohm-Aharonov 
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experiment as usual. The product of the charge of the brane of p spatial dimensions with the 
charge of its d — 4 — p — 6 — p dimensional dual has to be an invisible phase factor: 

TpT(^6-p) = PpP(6-p) = —■ (148) 

This relation is satisfied by the above D-brane charge densities with n = 1, thus D-branes are 
states with minimal RR charge and can be called elementary from this point of view. 

We have only recalled the first of very many considerations that all lead to the conclusions 
that D-branes are the RR charged BPS states that were missing in the non perturbative part 
of the string spectrum before Polchinski's discovery. Let us collect the "facts" again: D-branes 
break one half of the supersymmetry by the same arguments as for p-branes. They carry charge 
density equal to their tension, and they satisfy the minimal version of the Dirac charge quantiza- 
tion condition. Their low energy limit is a supergravity p-brane solution and their perturbative 
degrees of freedom are the light modes of open strings ending on them. 



3.2.4 Black holes in string theory 

In this chapter we shall review the application of the ideas concerning D-branes, their interactions 
and duality relations to the entropy computation and information loss dilemma of black holes. 
There have been several models in various dimensions suggested after the first treatment in c? = 5. 
We shall refer to [^Slp^ and d = 4, a more complete discussion of the whole material can for 
instance be found injpW7 The basic method consists in taking configurations of D-branes and NS- 
5-branes, which have a low energy description in terms of supergravity solutions, p-branes, whose 



fields, especially their metric, can be written explicitly as in chapter 3^. These are then being 
compactified by a Kaluza-Klein procedure down to say d — -i dimensions, which corresponds 
to choosing a space-time background vacuum of appropriate topology, most simply the direct 
product of a sixdimensional torus with fourdimensional fiat Minkowski space. While this 
background preserves Af = 8 supersymmetry in d = 4, which is further reduced to A/" = 4 by the 
presence of the branes, there have also been Af = 2 compactifications on Calabi-Yau 3-folds been 
considered, which introduce a dependence of the black hole entropy on the topological properties 
of the Calabi-Yau manifold |]58| . If this is done in a skilful manner the resulting fourdimensional 
metric can be tuned to exactly resemble one of the metrics of black holes we know from general 
relativity. Particularly generalizations of Reissner-Nordstrom solutions can be obtained this way. 
Of course we get a lot more fields by the supersymmetry, which are in general supposed not to 
modify the conclusions severely and are omitted in the following. We then intend to count the 
degeneracy of the resulting state of a couple of D-branes, NS-5-branes and strings with fixed 
values of macroscopic energy and charges, whose logarithm simply is the entropy of the resultant 
fourdimensional black hole. But as we do not know the non perturbative degrees of freedom 
of a D-brane, we have to make sure that we can change the coupling towards the perturbative 
regime of the string moduli space without loosing control about the states we are looking at. 
The first thing to notice is then that we shall have to take BPS states, which means extremal 
Reissner-Nordstrom black hole solutions. They can be assumed to exist in the non perturbative 
as well as in the perturbative spectra. The second point is that the classical p-brane solutions 
also include a dependence of the dilaton field on the radial coordinate of the transverse space, 
which is of the kind that it generically tends to blow up at the horizon r = 0, thus preventing 
any small coupling treatment at the position of the brane, no matter what the bare coupling is 
chosen. (The classical value of the dilaton will coincide with its quantum expectation value, as 
the potential goes unrenormalized.) Thus the brane configuration we choose also has to take care 
to have regular dilaton at the horizon. 

We now sketch how the model is constructed in detail and how the state counting proceeds, 
following the concrete steps of Is^, E^. One uses Nq D6-branes, N2 parallel D2-branes and N5 
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parallel NS-5-branes of the II A string theory, which are living in a space-time of topology R^xT^, 
all being wrapped around the torus. Strictly speaking we have not shown that such many brane 
states with several intersecting D-branes and NS-branes exist and are stable. In fact, the "no 
force" condition allows to consider rather arbitrary configurations which can also be managed to 
be BPS saturated. The metric in the non compact four dimensions then has to be tuned to be the 
Reissner-Nordstrom classical solution of general relativity. Also one adds open strings carrying 
(quantized) purely left moving momentum N/R in one of the compact directions. The D6-branes 
have to wrap around all the directions of the torus, while the D2-branes are taken to intersect the 
NS-5-branes only in a onedimensional subspace of their respective worldvolumes in a way that 
all branes have one compact direction in common. The string momentum is supposed to flow 
exactly in that particular direction. The low energy solution for the field strengths is then given 
similar to (113), the RR 4- form field strength originates from the D2-brane sources, the 2-form 
field strength from the D6-branes and the NSNS 3-form field strength from the NS-5-branes. 
These we shall not need again, but we have to make sure that the dilaton is regular. Defining 
the respective harmonic functions according to (116) by 

h^^l + (149) 
we can write the solution for the dilaton 

e-^* = h-'/%X/\ (150) 

which proves the regularity of the dilaton at the position ?' = of the branes as well as in the 
asymptotically flat region r — > cx). Thus we can take the coupling to be small everywhere by 
choosing its finite value at the horizon extremely small. The unique dependence of the different 
harmonic functions on the radial coordinate through l/r results from the fact that they all have 
a threedimensional uncompactified transverse space and l/r is the appropriate Green's function 
of the Laplacian. The values for the charge parameters in d = 4 are in fact given by applying 
the dimensional reduction prescription to the charges in ten uncompactified dimensions. The 
tendimensional fields are decomposed according to the lower dimensional Lorentz group and then 
taken to be independent of the higher compact dimensions. The higher dimensions can thus in the 
case of a torus compactification trivially be integrated out, which for the mass of a p-dimensional 
D-brane wrapped around the torus gives 

gsa' vW Va' 

This mass is then inserted in Newtons formula for the gravitational potential and compared to 
the (classical) large radius behaviour of the goo component of the metric deduced in ( 114 ) 

goo-l^. (152) 
2 r 

Thus we can express the parameters in the harmonic functions in geometric quantities and New- 
ton's constant. A similar charge parameter has to be defined for the discrete momentum of the 
open strings: 

k=-^. (153) 



The solution for the metric from (114) is the low energy approximation for a single brane. The 
rules for superposing several such branes ( "harmonic function rule" ) lead to the string frame line 
element 

1 K 

TW^'^^^ + H5VH2H6 (dxl + dxj + dxj) + -j== (dt - dxgf 

\ n2tlo V tl2tlQ 

^'■^ -.dxl + ^l^{dxl + ---+dxl) + ^^=dxl, (154) 



V H2H0 V Hq ' y/H^Ho 
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where the Hp and K denote the tendimensional ancestors of the hp and k before dimensional 
reduction. After reducing to d = 4 and switching to the Einstein frame we can get back to the 
desired Reissner- Nordstrom metric by a proper choice of the numbers of branes and the radii of 
the compactification. The (thermodynamic) Bekenstein-Hawking entropy can then be found by 
computing the area of the horizon 

5bh = ^ = 2tt^N^I%N^ (155) 

and thermodynamical properties can be discussed ]59[ | . This is the point of view of the low energy 
approximation through supergravity and its p-brane solutions. 

We now turn to string theory by regarding the quantum degrees of freedom of the state that 
consits of the branes and strings we have put together to match the Reissner-Nordstrom metric. 
As we have managed to get a solution with a regular dilaton at the horizon, we feel free to 
change the coupling constant from the non perturbative to the perturbative regime and discuss 
perturbations of the brane state, which are small fluctuations of the D-branes' positions and 
shape that can be described by weakly coupled open strings ending on the D-branes. Counting 
the degeneracy of the black hole state in four dimensions now means counting all possible con- 
figurations of strings attached to a given set of intersecting branes that leave the macroscopic 
value of energy, mass and charges invariant, i.e. one has to count the number of states of the 
open strings stretching between the D2-branes and the D6-branes that carry the momentum 
N/R along the compact direction common to all the branes. Thus the degeneracy of the string 
spectrum will be responsible for the (statistical) entropy of the black hole. Again in other words: 
The quantum degrees of freedom of a macroscopic fourdimensional black hole are open strings 
travelling in the internal compact space carrying some given amount of energy and momentum. 
The details of the degeneracy calculated in a proper way are given in |]55| , ^ , we shall be content 
to use only a brief and heuristic treatment. First one has to notice that all the D-branes are cut 
into half infinite branes at the intersections with the NS-5-branes, thus the number of D-branes 
is multiplied by the number of NS-5-branes present: N2NQN5. This configuration is depicted 
in figure |^ with arrows indicating the momentum flow. (For a general deduction how branes 
can end on branes see 0-) Take next into account the different possibilities of boundary 
conditions an open string can have here (ND, NN, DN, DD) or equivalently the combinations of 
branes which it can end on (2-2,2-6,6-2,6-6). Counting the two orientations this together gives 
2N2N5NQ different ways to attach an open string to the D-branes. Further one has to observe 
that the massless excitation level of these strings contains two fermionic and two bosonic on-shell 
degrees of freedom. Thus we got a gas of Np = AN2Nc,Nq fermions and the same number Nb of 
bosons moving in a twodimensional space-time and carrying momentum N / R and corresponding 
energy. The state density di^Ns, Np, N) of such systems is known from conformal field theory to 
grow exponentially with energy for high excitation levels, according to [|62| 



,iN,.N,,N)^»,[2,JSIi^IfVLY ,156) 



The logarithm of this is the macroscopic entropy 



5 = In {d{NB,NF,N)) - 2^V^2^5^6^, (157) 

which perfectly matches the Bekenstein-Hawking result. The key ingredient to this remarkable 
result can be seen in the special property of string theory (or twodimensional conformal field 
theory) to have exponentially growing state density. Thus we can say that the specific input 
of string theory into this derivation appears crucial for the correct magnitude of the quantum 
degeneracy of a macroscopic black hole state of general relativity. 

The methods we have sketched above have also been applied to calculate the entropy of non 
extremal black holes These can be constructed most easily from the extremal model by 
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Figure 8: The internal brane geometry of a fourdimensional black hole 

adding right moving momentum Nr/ R carried by additional open strings (not to be confused 
with the left and right moving sectors of a single closed string) in the compact direction common 
to all the branes. Naively the above state counting procedure can be repeated and the left and 
right moving strings at small coupling contribute independently to the degeneracy: 

S = In {dR{NB,NF, NR)dLiNB,NF,NL)) . (158) 

The result is again in perfect agreement with the Bekenstein-Hawking area law. In this picture 
Hawking radiation is figured to arise from a recombination of left and right moving open strings 
forming a closed string that leaves the brane and moves freely in the bulk. This enables to 
compute the spectrum of the radiation by an evaluation of the tree-level partition function, 
which allows by standard methods of statistical physics to obtain the expectation values of the 
occupation numbers of string oscillator levels. This is in fact the spectral density of the closed 
string radiation from the black hole. Indeed one finds a black body spectrum (not surprisingly 
for a set of free harmonic oscillators) and one can identify the Hawking temperature in terms of 
the charges and momentum quantum numbers. As this is a completely unitary computation in 
a fully quantum theory, there is a priori no way left for any information (coherence) to dissipate 
away. Any pure state will stay to be one forever. On the other hand, as has been pointed out 
already by the authors of the success of the naive application of the procedure that was 
employed to compute the entropy of the extremal black hole is not clear. It very essentially 
relies on the opportunity to change from the strong to the weak coupling regime. Starting from 
a situation with many D-branes present we would assume to have relevant (if not dominating) 
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corrections due to interactions near the horizon, as the large number of branes leads to an increase 
of the dilaton there. These corrections are suppressed by going to the very small coupling regime. 
The continuity of the former D-brane configuration and in particular the existence of all of the 
degenerate quantum states in both regimes was guaranteed by their BPS nature in the extremal 
case. This argument does no longer hold for non extremal black holes that are clearly non BPS. 
They should be affected by renormalization in presumably very different manners for different 
values of the string coupling constant. For instance in [ p7[ , there have been arguments given, 
why open string loop corrections might not change the results of the small coupling computation, 
but a generally excepted answer is not available. 

4 M-theory 

In this final chapter we shall hardly be able to give anything more than a little taste of what 
M-theory is meant to be, while its final version surely is still under construction anyway. The 
large amount of symmetry that is found in the spectrum and the interactions of string theory 
has lend a lot of heuristic evidence to the very tempting conjecture there might be a unique 
theory of gravity and supersymmetric gauge theory at the heart of it. This is assumed to incor- 
porate all degrees of freedom encountered in string theory in a single type of theoretical model, 
the perturbative string excitations as well as all the branes we have found so far. Also it has 
to reproduce the low energy theory of string theory, the two types of rf = 10 supergravity, in 
a consistent manner. An astonishing fact is that these requirements appear to be met quite 
naturally if one takes this M-theory to be living in an elevendimensional space-time, that after 
compactification of a single spatial direction yields in different limits the string theories we like. 
This explains them all to be connected by duality transformations, as they originate from the 
same mother theory. The only free parameter in the procedure appears to be the radius of the 
compact additional dimension, while string theory in the critical dimension also has a single free 
parameter, its coupling constant. Let us start by briefly indicating some motivating evidence for 
the eleventh dimension. 

The maximal dimension, in which any supergravity theory could be defined is d = 11. Higher 
dimensions necessarily lead to spin 5/2 fields in the theory, which one does not know how to deal 
with consistently |64j . This theory is thus naturally assumed to be the low energy effective theory 
that approximates M-theory. There is a unique supergravity in d = 11, being scale invariant, i.e. 
it does not have any free parameters. This makes us believe, that it itself does not come from 
a compactified even higher dimensional and even more unknown theory, as the compactification 
should include some scale parameters according to the geometry. As it is also non chiral, in a 
dimensional (Kaluza-Klein type) reduction by a compactification in one direction it leads to type 
IIA supergravity. The field content of its bosonic sector contains only a 3-form potential A^'^^ 
plus the metric field. The effective action follows: 

As earlier we did not write fermionic fields and also left out topological Chern-Simon terms. A 
Kaluza-Klein reduction to d = 10 dimensions is performed by putting the eleventh coordinate xio 
on a circle of radius Rn- The fields will then be decomposed with respect to the tendimensional 
Lorentz group and reveal the field content of d = 10 type IIA according to 

9,1,^ ^ ^ ^ 51010, A ~ gno, 9i], (160) 

where indices i, j only run from to 9. To make this more precise we can write the elevendimen- 
sional line element and potential: 
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A-fj,i,p {Aijk, BijSpio}. (161) 

The tendimensional fields then are taken to be independent of the eleventh, internal coordinate 
for consistency reasons. This assures that any solution derived in the lower dimensional theory is 
also a solution of the original one. The eleventh dimension can now be integrated over trivially 
and yields a prefactor in front of the action, relating the tendimensional gravitational coupling 
constant k to the elvendimensional by 

= (162) 
27ri?ii ^ ' 

The string coupling constant gs = (exp (<&)) in the tendimensional IIA theory is also related to 
the radius Rn of the compactification by 

Rii=9l^\ (163) 

thus the string coupling constant is revealed to be given by the radius of the additional dimension 
of M-theory. This implies that the perturbative regime of string theory does not know anything 
about the eleventh dimension as the small coupling sector corresponds to the small radius region. 
Vice versa the non perturbative regime of string theory should imply a decompactification of the 
eleventh dimension. M-theory does by this mechanism automatically include the non perturba- 
tive effects of string theory Also the other degrees of freedom of the d = 10 supergravity 
theory match together with their ancestors in eleven dimensions. For the fermionic fields this 
check is as easy as the one we made above for the bosonic fields, while it also appears to hold (as 
it better has to) in the non perturbative sector of the spectrum jioj . 

In the non perturbative part of its spectrum the elevendimensional supergravity has by the 
sake of its 4-form field strength an electric membrane (M2-brane) as well as a solitonic M5-brane 
of the same nature as the p-branes we discussed earlier. From these the states of the type IIA 
string spectrum can be constructed by a proper choice of the coordinates which are being com- 
pactified. The string itself can be seen to be a membrane wrapped around the compact circle, the 
string D2-brane is an uncompactified M2-brane, and similarly the D4-brane and the NS-5-brane 
descend from the M5-brane. A less obvious case is the D6-brane, which can be traced back to 
a Kaluza-Klein monopole of M-theory |6^. The respective string tensions can be computed on 
both sides of this correspondence as a test. They are related by the minimal Dirac quantization 



conditions and one pair of brane tensions can be fixed by hand. But afterwards the relation (162) 
between the two coupling constants has to hold, when comparing the rest of the tensions, and in 
fact, it does. 

A more systematic way to see, how the fields and non perturbative states of low energy string 
theory emerge from d = 11 is to analyze the Af ^ I supersymmetry algebra |67| [6^ , |69|| . We 
shall indicate, how a couple of the features of string theory, including the different string models, 
their spectra and the duality transformations that relate them, are understood to be descendants 
of the supersymmetry in M-theory. This reasoning gives a very comprehensive and systematic 
treatment of separate issues in string theory. So let us look at the most general superalgebra in 
eleven dimensions. A given (Majorana spinor) super charge Qa has 32 real components, such 
that {QajQ/s} is a symplectic 5*^(32) matrix with 32 • 33/2 = 528 independent entries. Under 
the Lorentz subgroup 5*0(1, 10) of 5*^(32) it can be decomposed into irreducible representations, 
which are a vector (the momentum), a second rank tensor and a fifth rank tensor. The last two 
are the possible central terms in the algebra, which thus reads [ [70[ : 

{Qc.,Qp} = [r^Q^^Pp + \ {T^^^C)^pZp, + 1 {T^^--^^-C)^pZp,...p,. (164) 



The terms are not central in the sense of central charges, which we introduced in chapter 3.1.3 



Those were only allowed for extended supersymmetry, while the central terms here break the 
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Lorentz invariance. If we take the tensor fields in the Lagrangian to have support only in a par- 
ticular subspace, the invariance is restored on the transverse coordinates, which is a hyperplane, 
worldvolume of a p-brane. The presence of the charges then modifies the field equations of the 
RR tensor fields by adding sources which are topological in the sense that they are locally exact 
forms. They are vanishing unless the branes wrap around non trivial cycles in space-time, for 
instance 



Z^"" = q / rfx^ A dx"", (165) 



which is zero, if th e bra ne volume a 2-cycle, is contractible. By similar arguments 



as 



we used in chapter |3.1.3| one can now deduce that there can be M2-branes and M5-branes as 
presumably elementary and solitonic BPS states. In fact one also suspects dual M9-branes and 
M6-branes to exist. The M2-brane was the first to be established as a solution to the field equa- 



tions |71| in a similar manner as we followed in chapter 3.2. There have also been extensive 
researches for its quantum theory, the quantization of its coordinates [Q. Also the M5-brane 
is thought to be rather well understood in terms of its worldvolume action Jts] . One can, for 
instance, give explicit formulas for the metrics and field strengths and discuss the singularity 
structures, the masses and the charges, which verifies them to saturate the BPS mass bound. 
The latter dual branes are still somewhat mysterious and are being under observation. 

The easiest way to get an impression what might be happening when these M-theory states, 
or better say d = 11 supergravity states, are being compactified down to the critical string 
dimension, is again to look at the dimensional reduction of the superalgebra 

+^ (r^'-p-rioc)^^ z,.,.io + ^ (r^'-'-^'c)^^ z,.,.,, (i66) 

where the indices now run from to 9 only. We notice that the central terms in d ~ 10 originate 
from the central terms oi d — 11 as well as from the eleventh entry of the momentum. All the 
central terms we need as charges of the tensor fields in the d = 10 IIA supergravity are present, 
such that all the brane solutions we have constructed and conjectured in the previous chapters 
could have been foreseen from this simple analysis. In particular we recognize our earlier state- 
ment that the states carrying Kaluza-Klein momentum Pio in the compact direction from the 
tendimensional point of view look like DO-branes, charged under the scalar central term of the 
IIA super algebra. The relation to IIB is a little more subtle. It was however found that a torus 
compactification of M-theory leads to IIB compacified on a circle, where the 5'L(2,Z) acting on 
the complex modulus of the torus is exactly mapped to the IIB selfduality group that acts on the 
complex combinations of the NSNS and RR scalars and 2-forms |l^ . Along similar lines one can 
proceed further to recover more dualities of string theory. By combining chiral components of the 
supercharges and after performing a chirality flip on one half of the components, one gets from 
IIA to a chiral type IIB superalgebra of only say left handed supercharges. This can be related to 
the T-duality of the two type II string theories in d = 10. Also one can truncate the IIA theory 
down to an A/" = 1 theory by a one sided parity operation keeping only invariant supercharges. 
This then yields the superalgebra of the heterotic theory with all its central terms. It also reveals 
that these central terms involve only the sum + of momentum and topological winding 
charge, therefore it is unaffected by exchanging the two. In this way the heterotic T-duality arises 
very naturally from symmetries of the truncated d = 11 superalgebra, which are invisible from 
ten dimensions. A large part of the web of string dualities has thus been observed emerging from 
the superalgebra of the elvendimensional ancestor. 

After having returned to the perturbative T-duality we started with, we like to stop our 
journey at this point, leaving all the more advanced topics to more specialized reviews, a couple 



48 



of which we have cited above. The most prominent omissions we have left out surely include the 
developments initiated by |Q which allowed the study of gauge theories via the D-brane world 
volume effective field theories or via M-branes JtS] alternatively. Neither did we explore the ideas 
concerning the more realistic non extremal and non supersymmetric black holes in detail and 
completely omitted a discussion of the Maldacena conjecture of the duality between IIB string 
theory on anti de Sitter space and an ordinary conformal field theory on its boundary |7^, Q . 
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A Compactification on and T-duality 



In order to illustrate the statements of section 2.1.2 we will now focus on the compactification of 



a bosonic string on a twodimensional torus. We have then four background fields, three coming 
from the metric (G^ ) and one from the antisymmetric tensor {Bij = eijB) spanning the classical 
moduli space 
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Here we have introduced the two complex moduli 
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(168) 



where U is the complex structure modulus describing the form of the torus and T is the Kahler 
modulus (voetG gives the volume of the torus). That means we represent the two dimensional 
lattice in the complex plane. It is possible to express the metric in terms of U and T as: 



G = 



2I2 
U2 



Ut^.2 



(169) 



One can also write pj^ and pj^ in terms of the moduli: 
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|(ni-C/n2)-T(TO2 + C/mi)r, 
|(ni ~Un2) - f(m2 + J7mi)|^ , 



(170) 



where (ni, r i.2) are the momentum numbers and (toi, 7712) the winding number The spectrum 
is given in (|3l|). It can be shown, as pointed out at the end of section 2.1.2 , that its symmetry 
group is 

TT-duaiity = SO{2, 2, Z) ~ SL{2, 1.)u X SL{2, T)t x x . (171) 

We will demonstrate that this is indeed a group of transformations under which the spectrum is 
invariant. To be honest we will just focus on the {phf' + (p*R)^-pa'rt of eq. (pT|). The number 
operators 



L/R 



ri>0 



,(G,i?)G,,ai/^„(G,B 



(172) 



can be shown to be manifestly invariant under T-duality because of the non trivial trans- 
formation of the oscillators which compensates the transformation of the metric. That (171) is 



precisely the entire T-duality group relies on the general result stated at the end of section 2.1.2, 
which can also be found in Q. (In fact the symmetry group contains one further element, namely 
symmetry under the worldsheet parity transformation a — > — cr, implying B — > —B.) The first 
SL{2,Z)u in (171) reflects the fact that the target space is a two dimensional torus, whose com- 



plex structure modulus always has an SL{2,1) symmetry. Not all values of U lead to different 
complex structures but only those in the fundamental region M = M/ SL{2,X) (see fig. |l^, the 
thick lines of the boundary belong to the moduli space, the thin ones not). The transformation 



U 



aU + b 
cU + d 



with 



e SL{2,Z), 



(173) 



''This can be checked after a straightforward but tedious calculation with the help of (Eq). 
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Figure 9: Different basis vectors can define the same lattice. 



does not change the complex structure of the torus and just amounts to another choice of basis 
vectors for the same lattice (see fig. ^. This symmetry of the spectrum is classical in the 
sense that it does not need any special features of the string but just depends on a symmetry 
of the target space. The second SL{2,Z)t is stringy from nature. Its generators are as usual 
T ^ T + I, which is a shift in B, and T —1/T, which for B — amounts to an inversion 
of the torus volume. Invariance under the first transformation can be understood from (p5|). If 
Bij is constant, the second term is a total derivative (namely Bijdaie"^ X^dpX^)) and thus its 
contribution topological. An integer shift in B (i.e. in general a shift by an antisymmetric matrix 
with integer entries) amounts to a shift of the action by an integer multiple of 27r and therefore 
does not change the path integral. 
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Figure 10: Moduli space of the complex structure modulus of a torus. 

If one considers the special case of a background with B = G12 — 0, i.e. a lattice with 
basis {i?i,ii?2}, leading to Gn — R\, G22 = R2 and vdetG — R1R2, we have U = ji?i/i?2 and 
T = ii?ii?2/2. The element T ^ -1/T,U acts on the lattice according to R1/V2 -> V2/R2 
and R2/V^ ^ V2/R1. 

The first Z2 exchanges the complex structure and Kahler moduli, U T, and is a two di- 
mensional example of mirror symmetry. It is related to the T-duality of one of the circles making 
up the torus. This becomes clear if one looks again at the special case of J7 = ii?i/i?2 and 
T — ii?ii?2/2. It translates to i?i Ri and R2/V^ ^/2/R2. The corresponding T-duality for 
the second circle is achieved by a composition of this transformation and twice the SL{2, l^jj 
transformation U — > —1/U, T ^ T, i.e. i?i ^ R2 (altogether this amounts to T ^ —1/U and 
U -1/T). The second Z^^ is given by (T, U) (-f, -U), which translates into B ^ -B and 
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Gi2 —Gi2- It is an easy exercise to verify explicitly that the ensembles of all different values 
(pl)^ respectively (pr)^ from ( |170| ) are seperately unchanged under the above transformations 
and therefore the (target space) perturbative spectrum is invariant. Of course, like in the one 
dimensional case, the single states are in general not invariant and winding and momentum num- 
bers mix under the transformations. To be more precise, the winding and momentum numbers 
of the transformed states (tilded quantities) can be expressed via the old ones according to table 
^. Obviously if (ni, mi, n2, TO2) take all values of Z^, the same is true for (ni, toi, n2, '^12). The 



Transformation 


■hi 


n2 


rhi 


7712 




ni 


-Til 


7772 


— 7771 


U + 1 


ni — 712 


712 


7771 


777-1 + 7772 


^ T 


m2 


— TTll 


n2 


-771 


T ^ T+ 1 


Til — m2 


7711 + 772 


mi 


7^2 


T 


m 


7772 


7771 


"-2 


U -U, T ^-f 


ni 


-772 


77ll 


— 7r72 



Table 5: Transformation of winding and momentum numbers 

invariance of the mass spectrum is of course only a necessary condition for the whole theory to 
be invariant under the T-duality group. It is possible to show that the partition function is also 
unchanged to all orders in perturbation theory. 

T-duality is the remainder of a spontaneously broken gauge symmetry. Only at special points 
in the moduli space it is partially or completely restored. These points correspond to fixed points 
or higher dimensional fixed manifolds of some of the symmetry transformations of the T-duality 
group [|[ |l^ . To illustrate this fact take the example of the circle compactification at the self 
dual radius i?fix, where the gauge group is SU{2) x SU{2) (see below). It can be shown in this 
case that there are nine massless scalars besides the dilaton, which transform as (3, 3) under 
SU{2) X SU{2). The 3-3 component can furthermore be identified as the modulus SR for the 
radius of the compactification circle (or to be more precise for its difference from the self dual 
radius). Moving away from the self dual radius amounts to giving an expectation value to 5R 
and thereby breaking the gauge symmetry to the generic group U{1) x U{1). However rotating 
by TT around the 1-axis in one of the SU{2)s changes the sign of the 3-3 component. This shows, 
that decreasing the value of the radius from the self dual value is gauge equivalent to increasing 
it. This fact survives the breaking of the gauge group in the form of T-duality. 

The gauge symmetry enhancement at special loci in the moduli space happens of course also 
in our two dimensional example. The transformation (i.e. T <-> U) has the fixed line T = U. 
In the special case oi B = G12 = this amounts to choosing the self dual radius for i?2. From 
the experience with the circle compactification one therefore expects a symmetry enhancement 
according to U{1)^ [/(l)^ x SU{2)'^. This actually happens for T^U, which can be seen from 
the formulas for the left and right momenta (viewed as complex numbers), namely 

PL = -^^{{ni-Tn2)-T{m2 + Tmi)), 

pn = -i=^((77i-T772)-T(7772 +T777i)). (174) 

For B = Gi2 = we have T = — T = — 7T2 and thus four additional massless vectors (c.f. ( pl| ) and 
see table ^ . The last two columns are determined by the level matching condition ^ |pl P + Nl = 
\ \pr\^ + -^-R- If the oscillators carry indices of non compact dimensions, the corresponding vertex 
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mi 1712 n-i 712 PL PR Nl Nr 
±1 Tl ±iV^ 1 
±1 ±1 Ti\/2 1 

Table 6: Additional SU (2) gauge bosons. 

operators : BX^^ exp {ik ■ X) exp (±«\/2X|^) : and : dXi^ exp {ik ■ X) exp (±iy/2X'^) : represent 
four new gauge bosons, which together with the generically (for all values of the radius) existing 
gauge bosons : dX'j^dX'^ exp {ik ■ X) : and : dX'^BX'j^ exp [ik ■ X) : combine to the gauge fields 
of SU{2)l X SU{2)ii (in the Cartan-Weyl basis). This can be checked directly by considering the 
currents 

j\z) = V2 : cos (^V2Xl%{z)) : = : 1= (exp (iV2Xl%{z)) + exp (^-iV2Xl%{z))) : , 

f{z) = V2 : sin (y2Xf/^(z)) : = :-!- (exp (tV2Xl%{z)) - exp (^-iV2Xl)j,{z))) : , 

fiz) = ^dXl^iz). (175) 

One can verify that the algebra formed by their Laurent coefficients is given (for the left resp. 
right moving currents seperately) by a so called level one SU(2) Kac-Moody algebra 

[jLfn] = mS^+nS'' + ie'''jl+„, (176) 

which reduces for the jg elements to the usual SU{2) Lie algebra (the fact tha t we get a much 
bigger (infinite) algebra is of course due to the z-dependence of the currents in ( |175| )). For more 
details on this point see e.g. |l|. 

The J7(l)2 related to the vectors : dXl'^dX'' exp {ik ■ X) : and : ^X^'^Xj^ exp {ik ■ X) : is 
enhanced at the self dual value for the radius Since the T-duality transformation for this 
circle is given by T ^ —1/U and U — 1/T (see above) the fixed point is T = —1/U. Again 
we have for B — G12 — four additional gauge bosons which enlarge the symmetry to an 
SU{2)l X S'C/(2)i^, namely: 





TO2 


nx 


"-2 


PL 


PR 


Nl 


Nr 


±1 





Tl 










1 





±1 





±1 





±V2 








1 



We have used 

Pi = (^ni + - Tm2 + rni 

PR = (ni + - f (^1712 - ^mi^^ (177) 

and T = —T. If we satisfy both conditions U ~T and UT = — 1 at the same time, all the t/(l)'s 
are enhanced to give the gauge group SU{2Y. This is obviously the case for T = [/ = i, which 
is also a fixed point of the SL{2,'Z)t and SL{2,Z)ij transformations U —^/U and T —1/T 
and of the 1/2^ transformation T — > — T, U —U. This is a generalization of the circle compact- 
ification in the sense, that we have compactified on two orthogonal circles with self dual radii. 
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On D-dimensional tori it is possible to get in a similar way the gauge group SU{2)^ x SU{2)'^. 
To get more general gauge groups we need a non vanishing B. Like before the right choice 



for T and C/ is a value that is invariant under a subgroup of (171). It is easy to verify that 
T ^ U =_l/2 + iV3/2, is invariant under T ^ U, T ^ -^/{T - 1), U ^ ~^/{U - 1) and 
T~^l — T,U-^1~U. In this case the restored symmetry group is SU{3)l x SU{3)r as we 
get twelve additional massless gauge bosons, whose left respectively right momenta make up the 
root lattice of SU{3) (i.e. we have chosen the compactification torus to be defined by the lattice 
dual to the root lattice of SU{3)). The new states are summarized in table 0. It is again possible 
to show that the internal parts of the corresponding vertex operators together with those of the 
generically present gauge bosons generate a level one SU{3)l x SU{3)ji Kac-Moody algebra. 
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n2 
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Tl 
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±1 
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Tl 
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Tl 


Tl 


Tl 


±iV2 


±1 


Tl 
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PR 
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±iV2 
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Table 7: Additional SU (3) gauge bosons. 
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